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Chapter 1 



Introduction 



1.1 An introduction to RWRE 

Let M = Mi{V) be the space of all probability measures on V = {v eZ'^ -.Iv] < 1}, 
where | • | denotes the Z^-norm. We equip M. with the weak topology on probability 
measures, which makes it into a Polish space, and equip U = J^"^ with the induced 
Polish structure. Let T be the Borel cr-field of and P a probability measure on T. 

A random environment is an element a; = {a;(a;, v)}^^^d ,^^y of CI. The random 
environment is called balanced if 

P{u){x, Ci) = u){x, —Ci) for all i and all x G Z'^} = 1, 

and elliptic if P{oj{x,e) > for all |e| = 1 and all x G Z''} = 1. We say that the 
random environment is uniformly elliptic with ellipticity constant k if P{uj{x, e) > 
K for all |e| = 1 and all x e Z^} = 1. 

The random walk in the random environment a; G O (RWRE) started at x is the 
Markov chain {Xn} on {Z'^)^, with state space Z*^ and law P^ specified by 

P^{Xo = x} = l, 

P^{Xn+i = y + v\Xn = y} = uj{y, v), veV. 

Let Q be the cr-field generated by cylinder functions. The probability distribution P^ 
on ((Z<^)^,g) is called the quenched law. Note that for each G eQ, P^{G) : ^- [0, 1] 
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is a J^-measurable function. The joint probability distribution ¥^ on T x Q: 

P^(FxG) = J P^{G)P{duj), FeJ^,Geg, 

is called the annealed (or averaged) law. Expectations with respect to and are 
denoted by and E^, respectively. We also write P° as P, where o = (0, • • • , 0) is the 
origin. 

For cj e set 

uj^ = (a;(x,e))|^|^^. 

Define the spatial shifts {^^jj^g^d on 0, by {Oyuj)^ = ojx+y We say that the random 
environment is ergodic if the measure P is ergodic with respect to the group of shifts 
{0^}. A special case is when the probability vectors (wa:)a;ez<^ independent and 
identically distributed (iid). 

Setting Cd{n) = 9'^"lo, then the process Ld{n) is a Markov chain under P° with state 
space S7 and transition kernel 

d 

M(uj', du) = '^[uj'{o,ei)50ei^, + a;'(o, -ei)5g-ej^/] + Ld'(o, o)5^' . 

i=l 

(a;(n))^gpj is often referred as the ^^environment viewed from the point of view of the 
particle" process. 
For t > 0, let 

Xt = XLij+(t-LtJ)(^W+i-XLij). 

We say that the quenched invariance principle of the RWRE holds if, for P-almost every 
a; G 17 and some deterministic vector v G M"^ (called the limiting velocity), the P° law 
of the path {{Xtn — tnv)/ ^/n}t>o converges weakly to a Brownian motion, as n — )• oo. 
For £ G S'^^^, we say that the RWRE is ballistic in the direction £ if 

lim > 0, P-a.s. 

n— >oo ^ 

1.2 Structure of the thesis 

In this thesis, we study the diffusive and ballistic behaviors of random walks in random 
environment in Z*^, d > 2. 
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The organization of the thesis is as follows. 

Section 11.31 gives an overview of the previous results in the study of the ballisticity, 
the central limit theorems (CLT), and the Einstein relation of RWRE. The three sub- 
sections in Section [1.41 state the main results in this thesis and discuss the ideas of their 
proofs. 

Chapters [21 [3] and HI are devoted to the proofs of our three main results: 

In Chapter [2l we consider the limiting velocity of random walks in strong-mixing 
random Gibbsian environments in Z'^, d >2. Based on regeneration arguments, we will 
first provide an alternative proof of Rassoul-Agha's conditional law of large numbers 
(CLLN) for mixing environment [43]. Then, using coupling techniques, we show that 
there is at most one nonzero limiting velocity in high dimensions {d > 5). 

Chapter [3] proves the quenched invariance principles (Theorem II .41 and Theorem II. 5 p 
for random walks in elliptic and balanced environments. We first prove an invariance 
principle (for d > 2) and the transience of the random walks when d > 3 (recurrence 
when d = 2) in an ergodic environment which is not uniformly elliptic but satisfies 
certain moment condition. Then, using percolation arguments, we show that under 
(not necessarily uniform) ellipticity, the above results hold for random walks in iid 
balanced environments. 

Chapter 0] gives the proof of the Einstein relation in the context of random walks 
in a balanced uniformly elliptic iid random environment. Our approach combines a 
change of measure argument of Lebowitz and Rost [35] and the regeneration argument 
of Gantert, Mathieu and Piatnitski [23]. The key step of our proof is the construction 
of a new regeneration structure. 

1.3 Overview of previous results 
1.3.1 Ballisticity 

The ballistic behavior of the RWRE in dimension d > 2 has been extensively studied. 
For random walks in iid random environment in dimension d>2, the Kalikow's 0-1 law 
[29] states that for any direction £ € S'^~^, 



F{Ae U A_i) G {0, 1} 
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where A±£ = {lim„,_j>oo ■ ^ = ±00}. It is believed that for any direction £ and any 
d > 2, a stronger 0-1 law is true: 

P{Ai)£ {0,1}. (0-1 Law) 

When d = 2, this 0-1 law was proved by Zerner and Merkel [57] , The question whether 
the 0-1 law holds for iid random environment in dimensions d > 3 is still open. (It is 
known that some strong mixing condition is necessary for the 0-1 law to hold, as the 
counterexample in [Ijj shows.) 

Much progress has been made in the study of the limiting velocity limji_^oo 

Xn/n of 

random walks in iid environment, see [S3] for a survey. For one-dimensional RWRE, the 
law of large numbers (LLN) was proved in [U]. For d > 2, a. conditional law of large 
numbers (CLLN) was proved in |52l I56j (see [541 Theorem 3.2.2] for the full version). It 
states that P-almost surely, for any direction i, 

lim ^ILli = y -v-lA , (CLLN) 
71— >c« n 

for some deterministic vectors vi and V-e (we set V£ = o if P(A^) = 0). This was achieved 
by considering the regenerations of the random walk path. Hence for d > 2, the 0-1 
law would imply the LLN. Recall that when d > 3, the 0-1 law is one of the main open 
questions in the study of RWRE. Nevertheless, in high dimensions {d > 5), Berger [5] 
showed that the limiting velocity can take at most one non-zero value, i.e., 

viv-i = 0. (1.1) 

It is of interests to consider environments whose law P is not iid but rather ergodic 
(under possibly appropriate mixing conditions). Of special interest is the environment 
that is produced by a Gibbsian particle system (which we call the Gibbsian environment) 
and satisfies Dobrushin-Shlosman's strong-mixing condition IIIc in [19^ page 378], see 
[4H H2t [T6t [T71 B3] for related works. An important feature of this model is that the 
influence of the environments in remote locations decays exponentially as the distance 
grows. (We won't give the definitions of the Gibbsian environment and the strong- 
mixing condition in this thesis. For their definitions, we refer to [4H pages 1454-1455]. 
We remark that our results only assume a mixing condition (G), which is defined in 
page [HI It is known that (G) is a property of the strong- mixing Gibbsian environment, 
cf. [m Lemma 9].) 
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In |41j . assuming a ballisticity condition (Kalikow's condition) which imphes that the 
event of escape in a direction has probabihty 1, Rassoul-Agha proved the LLN for the 
strong-mixing Gibbsian environment, using the invariant measure of the "environment 



also obtained the CLLN for the strong-mixing Gibbsian environment, under an ana- 
lyticity condition (see Hypothesis (M) in [43j). Comets and Zeitouni proved the LLN 
for environments with a weaker cone-mixing assumption (^1) in [16j, but under some 
conditions about ballisticity and the uniform integrability of the regeneration times (see 
(^5) in [16]). 

1.3.2 Central Limit Theorems 

In recent years, there has been much interest in the study of invariance principles and 
transience/recurrence for random walks in random environments (on the d-dimensional 
lattice Z^) with non uniformly elliptic transitions probabilities. Much of this work has 
been in the context of reversible models, either for walks on percolation clusters or for 
the random conductance model, see [U [361 EH El [Ml [SZl [2]. In those cases, the main 
issue is the transfer of annealed estimates (given e.g. in [18] in great generality) to 
the quenched setting, and the control of the quenched mean displacement of the walk. 
On the other hand, in these models the reversibility of the walk provides for explicit 
expressions for certain invariant measures for the environment viewed from the point of 
view of the particle. 

The non-reversible setup has proved to provide many additional, and at this point 
insurmountable, challenges, even in the uniformly elliptic iid setup, see [55] for a recent 
account. In [59], Sznitman shows that his condition (T') implies ballisticity and LLN 
and a directional annealed central limit theorem. The proof uses regeneration times and 
a renormalization argument and does not employ the process of the environment viewed 
from the point of view of particle. (We remark that weaker forms of the condition (T') 
exist, see [Ml [201 EH IS]- Recently it was shown in [9] that polynomial decay of some 
exit probabilities implies (T').) Further, it was shown by Berger and Zeitouni [10] and 
Rassoul-Agha and Seppalainen [43] that in the ballistic case, an annealed invariance 
principle is equivalent to a quenched invariance principle, under appropriate moment 
conditions on the regeneration times (these conditions are satisfied in all cases where a 



viewed from the point of view of the particle" process 




Rassoul-Agha 
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ballistic annealed CLT has been proved). 

When the walk is not ballistic, the regeneration structure employed in [38] is not 
available. Several classes of non-ballistic models were considered in the literature: bal- 
anced environment (see the definition in Section II. ip , environment whose sufficiently 
high-dimensional projection is a simple random walk [12], and isotropic environment 
which is a small perturbation of the simple random walk [TT\ I51j . Historically, the 
first to be considered was the balanced environment, first investigated by Lawler |34j . 
which we describe next as a good part of the thesis deals with that environment: 

Theorem 1.1 (|34j.[53]). Assume the random environment is ergodic, balanced and 
uniformly elliptic. Then P-almost surely, the law of the rescaled path XX.jx^ con- 
verges weakly to a Brownian motion on with a non- degenerate diagonal covariance 
matrix. Moreover, the RWRE is recurrent for d = 2 and transient for d > 3, P-almost 
surely. 

In this case, a-priori estimates of the Alexandrov-Bakelman-Pucci type give enough 
control that allows one to prove the existence of invariant measures (for the environ- 
ment viewed from the point of view of the particle), and the fact that the walk is a 
(quenched) martingale together with ergodic arguments yield the invariance principle 
(obviously, control of the quenched mean displacement, which vanishes, is automatic). 
The establishment of recurrence (for d = 2) and transience (for d > 3) requires some 
additional arguments, due to Kesten and Lawler, respectively, see [5l] for details. 

1.3.3 Einstein relation 

In 1905, Einstein \22\ pp. 1-18] investigated the movement of suspended particles in 
a liquid under the influence of an external force. He established the following linear 
relation between the diffusion constant D and the mobility fj,: 

D ~ Tfi, 

where T is the absolute temperature, and fi is defined as the limiting ratio between the 
velocity (under the external force) and the force, as the force goes to zero. 

More precisely, the Einstein relation (ER) describes the relation between the re- 
sponse of a system to a perturbation and its diffusivity at equilibrium. It states that 
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the derivative of the velocity (with respect to the strength of the perturbation) equals 
the diffusivity: 

hm hm ^^^^^ = D, (ER) 

A-s>Ot-s>oo A 

where {Xt)t>(} G (]R'^)*+ denotes the random motion of the particle, A is the size of 
the perturbation, D is the diffusion constant of the equilibrium state, and Ex is the 
annealed measure of the perturbed media. General derivations of this principle assume 
reversibility. 

Recently, there has been much interest in studying the Einstein relation for reversible 
motions in random media, see [321 [321 [23111] . In |35j . Lebowitz and Rost proved a weak 
form of the Einstein relation for a wide class of random motions in random media: 



A^o t/X 

In [3D], the ER is verified for random walks in random conductance, where the conduc- 
tance is only allowed to take two values. The approach of |3DJ is an adaption of the 
perturbation argument and transience estimates in [36]. For random walks on Galton- 
Watson trees, the ER is proved by [4j. Their approach uses recursions due to the tree 
structure and renewal arguments. Recently, Gantert, Mathieu and Piatnitski |23j es- 
tablished the ER for random walks in random potential, by combining the argument in 
|35j with good moment estimates of the regeneration times. 

The Einstein relation for random motions in the non-reversible zero speed set-up, 
e.g., random walks in balanced random environments (RWBRE), is a challenging prob- 
lem. (In general one expects correction terms in (ER) due to the non-reversibility of 
the walk.) 



1.4 Our results 

In this section we will state the main results in the thesis and explain the ideas of their 
proofs. The actual proofs will be presented in the following chapters. 

Our contributions are in three directions: CLLN and regeneration structures for 
RWRE in Gibbsian environments, quenched invariance principles for balanced elliptic 
(but non uniformly elliptic) environments, and ER for balanced iid uniformly elliptic 
environments. 



1.4.1 Limiting velocity for mixing random environment 

Recall first the definition of an r-Markov environment (see [17|). 

Definition 1.2. For r > 1, let drV = {x ^ Z'^ \ V : d{x, V) < r} be the r-boundary 
of V C Z^. A random environment {P,0,) on is called r-Markov if for any finite 
V C Z'^, 

where d{-, •) denotes the -distance and J^a := cr{^x : x G A). 

We say that an r-Markov environment P satisfies condition (G) if there exist con- 
stants 7, C < oo such that for all finite subsets A C V C 'Z'^ with d{A,V'^) > r, and 
A C 

dP(KWG.|V) - ^^^^^ 
for P-almost all pairs of configurations ??, G A^^" which agree on \ A. Here 



We remark that r and 7 are used as parameters of the environment throughout the 
article. 

Recall that by Lemma 9 in |41j . the strong- mixing Gibbsian environment satisfies 
(G). Obviously, every finite-range dependent environment also satisfies (G). 
Our main theorem concerning the mixing environments is: 

Theorem 1.3. Assume that P is uniformly elliptic and satisfies (G). Then there exist 
two deterministic constants > and a vector i such that 

lim ^ = v+ilAt - V-ilA_t^ (1.2) 

n->oo n 

and v+ = V- = if¥{A£ U A^i) < 1. Moreover, if d > 5, then there is at most one 
non-zero velocity. That is, 

v+v- = 0. (1.3) 



We remark here that for the finite-range dependent case, the CLLN is proved in 
()1.2p is a minor extension of Rassoul- Agha's CLLN in [43] . He assumes slightly more 
than strong-mixing, which in turn is slightly stronger than our condition (G). Our proof 
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is very different from the proof in [53] , which is based on a large deviation principle in 
[42j . The main contribution of our proof of ()1.2p is a new definition of the regeneration 
structure, which enables us to divide a random path in the mixing environment into 
"almost iid" parts. With this regeneration structure, we will use the "e-coins" introduced 
in [16] and coupling arguments to prove the CLLN. This regeneration structure will also 
be used in the proof of (jl.3p . 

Display ()1.3p is an extension of Berger's result (jl.ip from the iid case to our case (G), 
which includes the strong-mixing case. In [5j, assuming that P(>l£) > for a direction 
Berger coupled the iid environment u with a transient (in the direction t) environment u 
and a "backward path" , such that Co and uj coincide in the locations off the path. Using 
heat kernel estimates for random walks with iid increments, he showed that if viv-i > 
and d > 5, then with positive probability, the random walks in oj is transient to the —i 
direction without intersecting the backward path, which contradicts w being transient 
in the direction i. The difficulties in applying this argument to mixing environments are 
that the regeneration slabs are not iid, and that unlike the iid case, the environments 
visited by two disjoint paths are not independent. To overcome these difficulties, we 
will construct an environment (along with a path) that is "very transient" in i, and 
show that the ballistic walks in the opposite direction —i will move further and further 
away from the given path (see Figure 12.21 in Section 12. 4p . The key ingredient here is a 
heat kernel estimate, which we will obtain in Section [2.31 using coupling arguments. 

1.4.2 Invariance principle for RWBRE 

As mentioned above, Lawler [34J proved the invariance principle under the uniform 
ellipticity assumption. We explore the extent to which the uniform ellipticity assumption 
can be dropped. Surprisingly, in the iid case, we can show that no assumptions of 
uniform ellipticity are needed at all. 
Let 

d 

e{x) =e^{x) ■.= [Yluj{x,ei)]^. (1.4) 

i=l 

Our first main result is that if Ee(o)^P < oo for some p > d, then the quenched 
invariance principle holds and moreover, the RWRE is transient P-almost surely if 
d > 3. (Recurrence for d = 2 under the condition Ee{0)~^ < oo follows from the 
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quenched invariance principle and ergodicity by an unpublished argument of Kesten 
detailed in [54^ Page 281]. Note that this argument cannot be used to prove transience 
in dimensions d > 3, even given an invariance principle, since in higher dimensions the 
invariance principle does not give useful information on the range of the random walk; 
the behavior of the range is a crucial element in Kesten's argument.) 

Theorem 1.4. Assume that the random environment is ergodic, elliptic and balanced. 

(i) If Ee{o)~P < oo for some p > d > 2, then the quenched invariance principle holds 
with a non- degenerate diagonal limiting covariance matrix. 

(a) If E[{1 - uj{o,o))/e{o)]i < oo for some q > 2 and d > 3, then the RWRE is 
transient P-almost surely. 

That some integrability condition on the tail of e(o) is needed for part (i) to hold is 
made clear by the (non-Gaussian) scaling limits of random walks in Bouchaud's trap 
model, see |131[3]. In fact, it follows from that example that Theorem ll.4l fi). or even an 
annealed version of the CLT, cannot hold in general with p <\. 

The proof of Theorem ll.4l is based on a sharpening of the arguments in [341 [50l [53] ; in 
particular, refined versions of the maximum principle for walks in balanced environments 
(Theorem 13. 1|) and of a mean value inequality (Theorem 13. lUp play a crucial role. 

When the environment is iid and elliptic, our second main result is that if — 
Xn\ = 1 a.s., then the quenched invariance principle holds. Moreover, the RWRE is 
P-almost surely transient when d>3. The proofs combine percolation arguments with 
Theorem II. 4[ 

Theorem 1.5. Assume that the random environment is iid, elliptic and balanced. 

(i) // P{max|g|^]^ a;(o, e) > £,0}=! for some positive constant ^q, then the quenched 
invariance principle holds with a non- degenerate limiting covariance. 

(a) When d>3, the RWRE is transient P-almost surely. 

Because the transience or recurrence of the random walks does not change if one 
considers the walk restricted to its jump times, one concludes, using Kesten's argument 
and the invariance principle, comparing with Theorem 11.41 that for d = 2, a random 
walk in a balanced elliptic iid random environment is recurrent P-a.s. 
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Our proof of the invariance principles, like that of [33], is based on the approach of 
the "environment viewed from the point of view of the particle" . 

Since {-^n} is a (quenched) martingale, standard arguments (see the proof of Theo- 
rem 6.2 in [7J) show that the quenched invariance principle holds whenever an invariant 
measure Q ^ P of {£D(n)} exists. The approach of Lawler which is a discrete version 
of the argument of Papanicolaou and Varadhan [10] , is to construct such a measure as 
the limit of invariant measures of periodized environments. We will follow this strategy 
using, as in [50^ , variants of [32] to derive estimates on solutions of linear elliptic 
difference equations. In the iid setup of Theorem 11.51 percolation estimates are used to 
control pockets of the environment where those estimates are not strong enough. 

For the proof of the transience in the ergodic case, we use a mean value inequality 
and follow [53]. To prove the transience in the iid case, we employ percolation arguments 
together with a new maximum principle (Theorem I3.13P for walks with (possibly) big 
jumps. 

Remark 1.6. Recently, Berger and Deuschel ^E] have generalized our ideas and extended 
the quenched invariance principle to the general non-elliptic case where the environment 
is only required to be iid and genuinely d- dimensional. 

1.4.3 Einstein relation for RWBRE 

In this subsection we will present the Einstein relation for random walks in uniformly 
elliptic balanced iid random environment. Recall that by Theorem 11.11 for P-almost 
every w, {XXi/x^)t>o converges weakly (as A — )• 0) to a Brownian motion with a non- 
degenerate covariance matrix, which we denote by D. 
For A G (0, 1) and a fixed direction 

i={il,...,id)GS''-\ 

define the perturbed environment cj^ of G 17 by 

uj^{x, e) = {1 + Xe- e)u}{x, e). 

Since satisfies Kalikow's condition (see (0.7) in [52]), it follows from [52^ Theorem 
2.3] that there exists a deterministic constant vx G M'^ such that 

lim — = Vx, P P°A -almost surely. 
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Our main result is the following mobility-difFusivity relation: 

lim ^ = Di, (1.5) 

where 

:= = {2Equ;{o, ei)£i)i<i<d G R'^. 
Our proof of the Einstein relation (jl.Sp consists of proving the following two theorems: 

Theorem 1.7. Assume that the environment P is iid, balanced and uniformly elliptic. 
Then for P-almost every oo and for any t>\, 

r-:;5"^'^ t/\ 

Theorem 1.8. Assume that the environment P is iid, balanced and uniformly elliptic. 
Then for all sufficiently small A G (0, 1) and any t>\, 

C 



lim E, ,A— ^rr- = Df. 



EpE^ 



t/\ A 

Our proof of Theorem 11.71 is an adaption of the argument of Lebowitz and Rost 
[35] (see also [23 , Proposition 3.1]) to the discrete setting. Namely, using a change of 
measure argument, we will show that the scaled process XX^j^i converges (under the 
law -P^a) to a Brownian motion with drift tDi, which yields Theorem 11.71 

For the proof of Theorem 11.81 we want to follow the strategy of Gantert, Mathieu 
and Piatnitski [23]. Arguments in the proof of [23, Proposition 5.1] show that if we 
can construct a sequence of random times {Tn)n&i (called the regeneration times) that 
divides the random path into iid (under the annealed measure) pieces, then good mo- 
ment estimates of the regeneration times yield Theorem 11.81 In the construction of the 
regeneration times in [23], a heat kernel estimate [231 Lemma 5.2] for reversible diffu- 
sions is crucially employed. However, due to the lack of reversibility, we don't have a 
good heat kernel estimate for RWRE. In this thesis, we construct the regeneration times 
differently, so that they divide the random path into "almost iid" parts. Moreover, our 
regeneration times have good moment bounds, which lead to a proof of Theorem 11.81 
The key ingredients in our construction are Kuo and Trudinger's |32j Harnack inequal- 
ity for discrete harmonic functions and the "e-coins" trick introduced by Comets and 
Zeitouni [16]. 



Chapter 2 



Limiting 
Random 



Velocity in Mixing 
Environment 



This chapter is devoted to the proof of Theorem II. 3[ The organization of the proof is as 
follows. In Section [2.H we prove a refined version of [56, Lemma 3]. With this combi- 
natorial result, we will prove the CLLN p.2p in Section [2.21 using coupling arguments. 
In Section 12.31 using coupling, we obtain heat kernel estimates, which is later used in 
Section 12.41 to show the uniqueness of the non-zero limiting velocity. 

Throughout this chapter, we assume that the environment is uniformly elliptic with 
ellipticity constant k and satisfies (G). We use c, C to denote finite positive constants 
that depend only on the dimension d and the environment measure P (and implicitly, 
on the parameters k, r and 7 of the environment). They may differ from line to line. We 
denote by ci,C2, . . . positive constants which are fixed throughout, and which depend 
only on d and the measure P. Let {ei, . . . , Cd} be the natural basis of Z,'^. 

2.1 A combinatorial lemma and its consequences 

In this section we consider the case that P(lim„^oo Xn • ei/n > 0) > 0. We will adapt 
the arguments in [56] and prove that with positive probability, the number of visits to 
the z-th level Hi = Tii{XQ) := {x : x ■ ei = Xq ■ ei + i} grows slower than Ci^. An 
important ingredient of the proof is a refinement of a combinatorial lemma of Zerner 
|56[ Lemma 3] about deterministic paths. 
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We say that a sequence {xi}'^~Q G (Z^)^, 2 < k < oo, is a path if \xi — = 1 for 
i = 1, • • • , A:— 1. For i > and an infinite path X. = {Xn}^=Q such that sup„ X„-ei = oo, 
let 

Ti = inf{n > : X„ G T^J. 
For < i < j and /c > 1, let T/^ := Ti and define recursively 

T^^+^ = inf{n > i;^- -.Xn^Ui and n < T,} G N U {oo}. 

That is, is the time of the /c-th visit to ^Hi before hitting H.j. Let 

Ni^j = sup{A; : X^j < oo} 

be the total number of visits to Hi before hitting Tij. 
As in [56], for i > 0,/ > 1, let 

Ki = T^^r - T^ 

denote the time spent between the first and the last visits to Hi before hitting T-ii+i. 
For m, M, a > and / > 1, set 



i-i 

\2 



1=0 

and 



Hm,l = ^ Xm+i,m+l/ {i + 1)^ 
1=0 

7^{0 < m < M : hm,i < a and H^^i < a} 



M + 1 

Note that EM.i{a) decreases in I and increases in a. 

The following lemma is a minor adaptation of |561 Lemma 3]. 

Lemma 2.1. For any path X. with lim„_^oo Xn • ei/n > 0, 

supinf lim EMi{a)>G. (2.1) 

a>0«>lA/-s>oo 

Proof: Since lim^-^oo "ra/T^ = lim„_j.oo -^n • ei/n > 0, there exist an increasing se- 
quence (nfc)^Q and (5 < oo such that 



Tni^ < Suk for all k. 
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Thus for any m such that < m < n^, 

Tm < 2dm. (2.2) 

Set Mfc = [nfc/2] , where [x] G N denotes the smahest integer which is not smaller than 
X. Then for all k and 1 < ^ < [nk/2\ , 

Mk l-l Mk 

m=0 i=0 m=0 

tl US 
<^rM,W(^ + i)' < MMk + l). (2.3) 

By the same argument as in Page 193-194 of |56j . we will show that there exist 
constants ci , C2 > such that 

. , — #{0 < m < Mfc : hm,i < ci} ^ 

mt hm — ■ > C2. (2.4) 

l>lk^oo Mfc + 1 

Indeed, if (j2.4p fails, then for any u > 0, 

#{0<m<Mk,hm,i<u} 
hm — > 

A;— !>oo Myfc + 1 

as / — )• oo (note that the right side is decreasing in I). Hence, one can find a sequence 
{k)i>o with li^i > li, Iq = 0, such that for all i > 0, 

— #{0<m< Mk, hm,u+, < Q^h} 1 

lim < -. 2.5 

fe^oo Mk + l 3 

On the other hand, for i > 



hm ■ 

fc-s>oo Mk + 1 

^ Mk 

— 777 iN^r; 7 ^ (J'm+li — Tm) 

fc^oo (Ml. + 1)6(5L ^-^ 

m=0 



< ET ^iZWtL 9 i. (2.6) 



By (I23|) and ([Ml) , for any i > 0, 



#{0 <m<Mk, h.m,i,+i > hm,ij ^1 ,„ 

lim > -. 2.7 

fc^oo Mk + l ~ 3 
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Therefore, for any j > 1, noting that 



we have 



i=0 



j IMJ _ #{0 < m < Mfc, V^^^, > hm,k} 



lim > 



3 ~ fe^oo ^ Mfc + 1 

i=0 

^ 1231 



_ 1 ^ 

fc^OO Nil; + i ' 



m=0 

which is a contradiction if j is large. This proves (12. 4p . 

It follows from ()2.4p that, for any / > 1, there is a subsequence (M^) of (M^) such 
that 

#{0 < m < : hra^i < ci} 



> C2 



for all A;. Letting C3 = 9(5/c2, we have that when k is large enough, 

r?i=0 fe ' m=0 

Hence for any / > 1 and large k, 



1 

Em'j{cI V C3) > j^, ^-^ X] l^m,i<Cl,//„,,<C3 
^' m=0 

1 ^* C 

r)i=0 

This shows the lemma, and what is more, with explicit constants. □ 



For i > 0, let Ni = linij^oo denote the total number of visits to Tii. With 
Lemma I2.H one can deduce that with positive probability, Ni < C(i + 1)^ for all i > 0: 

Theorem 2.2. // P(lim„_j.oo -'^n ■ ei/''^ > 0) > 0, then there exists a constant C5 such 
that 

F{R = 00) > 0, 
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where R is the stopping time defined by 

R = Re,{X.,C5) 

n 

:= inf{n > : ^ lx,eW, > c^ij + if for some j > 0} A D, 
i=0 

and D := inf{n > 1 : Xn ■ e\ < Xq ■ ei}. 

Hi ^2 'H^ 




iVi = 3 < 4c5 N2 = 5< 9c5 N,<{i + 1)^C5 



Figure 2.1: On {R = oo}, the path visits the i-th level no more than C5(i + 1)^ times. 
Note that for any L > and a path (^j)^o with Xq = a, 

oo 

^-^d(y,Xi) < ^(^visits to Uj before time R)e-'^^^+^^ 

y:y-ei<-L j=0 
0<i<R 

oo 

< C^C5(i + l)2e-^(^+^) < Ce-^^. (2.8) 

j=0 

Hence on the event {R = oo}, by (|2.8p and (G), the trajectory (Xj)^Q is "almost 
independent" with the environments {ux : x ■ ei < —L} when L is large. This fact will 
be used in our definition of the regeneration times in the Section 12. 2i 

To prove Theorem [221 need the following lemma. Recall that r, 7 are parameters 
of the environment measure P. Let 5 be a countable set of finite paths. With abuse of 
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notation, we also use S as the synonym for the event 

y {Xi = Xi for < i < N}. (2.9) 

Lemma 2.3. Let a > and A C A C TU^ . Suppose S ^ % is a countable set of finite 
paths X. = {xi)^Q,N < oo that satisfy d{x.,A) > r and 



y£A,0<i<N 



Then, P-almost surely, 



exp(-C7a) < . , ^ . . < exp Co . (2.10 

Proof: We shall first show that for any (xj)^Q G S*, P-almost surely, 
EpIP^X, = Xi,0<i< N)\ujy : y G A] 

< exp{Ca)Ep[P^{Xi = Xi,0<i< N)\ujy :y£A\A]. (2.11) 

Note that when A'^ is a finite subset of Z"^, dZTT]) is an easy consequence of (G). For 
general A, we let 

A„ = A U {x : |x| > n}. 



When n is sufficiently big, (G) implies that 

< exp(C'a). 



Ep[P^{Xi = Xi,0 < i < iV)|a;j, : y G A^] 



^p[P^(Xi = Xi,0 < i < N)\ujy ■.y£An\A] 

Since A^ | A as n — )■ oo, ()2.1ip follows by taking n — )• oo in the above inequality. 

humming over aU (xi)^o G S" on both sides of (l2lT]l . we conclude that P-almost 
surely, 

Ep[P^{S)\ujy : y G A] < exp(Ca)^p[P^(S)|a;j, : y G A \ A]. 

The upper bound of (|2.1U|) is proved. The lower bound follows likewise. □ 
Now we can prove the theorem. Our proof is a modification of the proof of Theorem 
1 in [Ml: 
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Proof of Theorem \2.S^ It follows by Lemma 12.11 that there exists a constant C4 > such 
that 

P(inf lE^ Emi{ca) > 0) > 0. (2.12) 

Z>lAf— >-oo ' 

For / > r, A; > and 2: G Z'^ with z ■ ei = r, let Bm,i{z, k, c) denote the event 

{Nm+r,m+l = k, Xj^k = Xt^ + Z, Hm+r,l-r < c}. 

m-^r.'m-\-l 

Note that on the event {hm,i < C4 and Hm,i < C4}, we have 

r 

rpJ^m + r,m + l 'T ^ h J- \ ^ /V/" 

i=0 

r 

< C4 + ^(i + 1)^C4 < (1 + rfci, 



and 



j=0 

«-r-l 



Hm+r,l-r < ^ (?" + l)^A'm+r+i,m+// + i + 1)' 

< (r+l)2c4 =: C5. 
Hence {hm,i < C4 and Hm,i < C4} C U|^|,A;<(r+i)3c4 Bm,i{z,k,c^), and 



1 

lim lim Em,i{ca) < V 1™ 1™ , '^B^i(z,k,cz)- 

|2|,fc<(T-+l)3c4 m=0 

Thus by (j2.12p . for some /cq and zq with zq ■ ei = r, 

1 

F(lim lim — — 7 V Is ,(^„ fc„ ^5) > 0) > 0. (2.13) 

In what follows, we write Bm,i{zo,kQ,C5) simply as -Bm,z- 

For any / > r and any fixed i < / — 1, let rrij = mj{l,i) := i + jl, i.e. {mj)j>Q 
is the class of residues of i(mod I). Now take any j G N. Observe that for any event 
E = = •,•••, = •} and x G -Hm,, 

PUi^T^^ =x}nEnBm,,i) (2.14) 
< PU{Xt^, =x}n E)P^+''>{D > Ti_r, H^,l-r < C5). 
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Moreover, for any x G Timj, there exists a countable set S of finite paths {xi)^^ that 
satisfy rrij +r < Xi-ei < mj +/ and < N : Xk £ 'Hi{xo)} < C5(i + 1)^ for < i < A^, 
such that 

{Xo = X + Zo,D > Ti^r, Ho^i_r < C5} 

= U(,^)iv^g5{Xi = for < i < iV}. 
Noting that (by the same argument as in (j2.8p l for any (xi)^Q G S, 

y:y-ei<mj 
i<N 

by Lemma 12.31 we have 

Ep[P^+'^{D > Ti_r,Ho^l-r < C5)\0Jy ■ V ' ei < m,] 

< exp (Ce-^^)P(D > Ti^r,Ho^i-r < C5). 



Thus for j > and I > r, 

< ^ i^p [^'o.li^T^^. = a;} n (Z) > r,_,, Ho^i_r < C5)] 

< exp {Ce-"'') mXr^^ = x} n E)F{D > Ti^r, Hq^i-v < C5) 

= CnE)F{D>Ti_r,Ho^i-r<C5). 
Hence, for any j > and I > r, 

mB^^, = ■ ■ ■ , < CFiD > Ti^r,H,,l-r < C5), 
which implies that P-almost surely. 



lim <CP(Z)>ri_„Fo,i_, <C5). (2.15) 

i— inn n ^ — ^ ?' ' 



n— >-oo n ^ — ' J 
j=0 
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Therefore, P-almost surely, 

I M ^i-i ^ 

lim lim > 1 b , < lini — > lim > 1 r , 

m=0 i=0 0<m<M 

m mod l=i 

< limCF{D>Ti_r,Ho^l-r<C5) 

oo 

= CF{D = oo, ^ A^i/(^ + 1)2 < cs). 
This and (I2T3D yield P(i:' = oo, X;^=o ^»/(^ + ^ ^5) > 0. The theorem follows. □ 

2.2 The conditional law of large numbers 

In this section we will prove the conditional law of large numbers (jl.2p . using regenera- 
tion times and coupling. Given the dependence structure of the environment, we want 
to define regeneration times in such a way that what happens after a regeneration time 
has little dependence on the past. To this end, we will use the "e-coins" trick intro- 
duced in [16] and the stopping time R to define the regeneration times. Intuitively, at 
a regeneration time, the past and the future movements have nice properties. That is, 
the walker has walked straight for a while without paying attention to the environment, 
and his future movements have little dependence on his past movements. 

We define the e-coins {f-i,x)i£n xeZ'^ =■ ^ to be iid random variables with distribution 
Q such that 

Q{^i,x = 1) = dn and Q{ei^x = 0) = 1 — dn. 

For fixed lo, e, ^ is the law of the Markov chain such that Xq = x and that 

for any e S Z'^ such that |e| = 1, 

P^jX^+i = z + e\X^ = z) = + ^^[^(^, ^ + e) - f ]. 

Note that the law of X. under = Q®P^ ^ coincides with its law under P^. Sometimes 
we also refer to P^^ ^i-) as a measure on the sets of paths, without indicating the specific 
random path. 

Denote by IP = P Q (g) P° , the law of the triple (tj, e, X). 
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Now we define the regeneration times in the direction ei. Let L be a fixed number 
which is sufficiently large. Set Rq = 0. Define inductively for A; > 0: 

= inf{n > i?^ : Xn-L • > max{Xm ■ ei : m < n — L}, 

en-j,x„_, = l,Xn-i+i - Xn-i = ci for all 1 < i < L}, 

Rk+i = Ro dsk+1 + Sk+i, 

where 9n denotes the time shift of the path, i.e., 6nX = (X„+j)^Q. 
Let 

K = infjfc > 1 : Sfc < oo, R^ = oo} 

and Ti = Ti{ei,e, X.) := Sk- For A; > 1, the (L-)regeneration times are defined induc- 
tively by 

By similar argument as in |16| Lemma 2.2], we can show: 
Lemma 2.4. // P(lim„_^oo -''^n • ei/n = 0) < 1, then 

P(Ae, U^_eJ = 1. (2.16) 

Moreover, on Ae^, Ti 's are P-almost surely finite. 
Proof: If P(hm„^oo X„ • ei/n = 0) < 1, 

P( Ih^^ X„ • ei/n > 0) > or P( Ih^^ X„ • (-ei)/n > 0) > 0. 
Without loss of generality, assume that 

P( lEI X„ • ei/n > 0) > 0. 

n— >oo 

It then follows from Theorem 12.21 that ¥{R = oo) > 0. We want to show that R^ = oo 
for all but finitely many A;'s. 
For A; > 0, 

P(i?fc+i < oo) 

= F{Sk+i <oo,Ro Osf^^^ < oo) 

= ^ P(5'fc+i = n, Xn = x,Ro 6n < (x>) 

n,x 

= Yl ^P®Q [PuASk+1 = n,Xn = x)P^gr.^{R < oo)] , 

n,x 
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where O^e denotes the time shift of the coins e, i.e. {0'^e)i^x = ^n+i,x- Note that 
Pw,e{Sk+i = n^Xn = x) and P^0n^{R < oo) are independent under the measure Q, 
since the former is a function of e's before time n, and the latter involves e's after time 
n. It then follows by induction that 

F{Rk+i < oo) 

= Y,Ep [PUSk+i =n,Xn = x)P^{R < oo)] 

n,x 

= J2^p[^'^(^k+i =n,Xn = x)Ep[P^{R < co)\ujy : y ■ ei < x ■ ei - L]] 

n,x 

l l2.8ll .Lemma [2.3l _ 

< ¥{Rk < oo) exp {e~''^)F{R < oo) 

< [exp (e-"^)P(ii < oo)]'=+S 

where we used in the second equality the fact that -Ptj(S'fc+i = n, X„ = x) is cr{ujy : y-ei < 
X ■ ei — L)-measurable. Hence, by taking L sufficiently large and by the Borel-Cantelli 
Lemma, P-almost surely, R^ = oo except for finitely many values of k. 

Let denote the event that the signs of X„ • ei change infinitely many often. It 
is easily seen that (by the ellipticity of the environment) 

and 

C {supX„ • ei = oo}. 

n 

However, on {sup„X„ • ei = 00} , given that Rk is finite, S^+i is also finite. Hence ri is 
P-almost surely finite on {sup„ Xn • ei = 00}, and so are the regeneration times T2, rs . . .. 
Therefore, 

P(0eJ=P(0ein{ri<00}). 

Since Oe, n {n < 00} = 0, we get P(C'eJ = 0. This gives (f2l^ . □ 
When F{R = 00) > 0, we let 

P(-) :=P(-|i? = oo). 
The following proposition is a consequence of Lemma 12.31 
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Proposition 2.5. Assume ¥{R = oo) > 0. Let I > r and A C {x : x • ei < — r}. Then 
for any A C Ar]{x : x ■ ei < —1} and A; G N, 

Ep[P„((Xi)gi„e.,ii = oo)|iJ„:!/eA] - I K I 

Furthermore, for any A; G N and n > 0, ¥-almost surely, 

Proof: First, we shall prove (j2.17p . By the definition of the regeneration times, for 
any finite path x. = {xi)^Q,N < oo, there exists an event Gx. G a{ei^Xi,^i i < N) 
such that Gx. C {R > N} and 

{{XiYiLo = {x^)to^ = 00} = Gx. n{RoeN = oo}. 

(For example, when A; = 1, we let 

oo 

G.. = [Jm)lo = ix^)lo,SJ =N,R> N}. 
i=i 

Then = {x^)to, R = 00} = Gx. n {R o On = 00}.) 

For n G N, we let 

En := Gx. n{RoeN> n}. 

Note that En G a{ei^Xi,Xi : i < N + n) can be interpreted (in the sense of ()2.9p ) as a 
set of paths with lengths < N + n. Also note that En C {R > N + n}. Then by Lemma 
[23] and (US]), we have 

Ep[P4En)\u.y : y G A] -'"P^"^' 

(j2.17p follows by letting n — )• 00. 

Next, we shall prove (|2.18p . Let x G Z'^ be any point that satisfies 

F{Xr„ = x) > 0. 

By the definition of the regeneration times, for any m G N, there exists an event 
G a{ei^Xi,Xi : i < m} such that P^{G^) is a{u}y : y • ei < x ■ ei — L)-measurable, 

and 

{Tn = m, Xm = X, i? = 00} = n {i? o = Oo}. 



Thus 



25 



= ^P((X,„+, - e;Trr = m,X^ = X,R = Oo) 

m 

m 

127171 , ^ 

< eMCe-^'^)Y,nGl^)^{X,)Z,e■,R = <x,). (2.19) 



On the other hand, 

P(X,„ = x,i? = oo) = j;i^p[/l(G?;,)P:(i? = oo)] 

m 

> exp(-Ce-^^)^P(G^)P(i? = oo). (2.20) 

m 

By (|2.19p and (j2.20p . we have (note that L is sufficiently big) 

P((X,„+, - X.J[:+^-^" G .\Xr„ =x)< exp(e-^^)P((X,)[io G •)• 

The right side of ([2^8]) is proved. The left side of (j2T8|) follows likewise. □ 
The next lemma describes the dependency of a regeneration on its remote past. It 
is a version of Lemma 2.2 in [TT]. (The denominator is omitted in the last equality in 
[171 page 101], which is corrected here, see the equality in (|2.22p .) 

Set To = 0. Denote the truncated path between t„-_i and t„ — L by 

Pn = (-Pra)o<j<r„-T„_i-L '■= (^i+r„_i ~ ^t„_i )o<«<r„-T„_i-L- 

Set 

Pn — -^Tn ~ ) 

Jn — {Pn ; W^ji , Pn , Tjj "TVt— 1 ) . 

For i > 0, let hi+i{-\ji, . . . := P(Ji+i G -{Ji, ■ ■ ■ , Ji)| j,=jv,...,ji=ji denote the transi- 
tion kernel of (Jn)- Note that when i = 0, /ij+i(-|jj, . . . , ji 

) = /ii(-|0) =P(Ji G •)• 



Lemma 2.6. Assume ¥{R = oo) > 0, < A; < n. Then ¥-almost surely, 

hk+lvlJn, • • • ) Jn-k+l) 

Proof: For jm = {pm, Wm, fm, tm),m = 1, . . . n, let 

tm ■ — ^1 ~l~ ■ ■ ■ + tmi 

Bpi,...,p^ ■■= {R = oo, = Pi for alH = 1, . . . , m}, 
and Wpi,...,p„ := (a;2.^_-^+p.)™ 

First, we will show that for any 1 < k < n, 

Ep[P^''{J,e;R = oo)\u;p,_p,] 



Ep[P~Z^{R = oo) 



\UJ. 



Plv.PfeJ 



By the definition of the regeneration times, there exists an event 



G 



pi,---,Pk 



e fT(Xi+i,ei,x,,0 < i < tfc - 1) 



such that 



Bp,,...,p, = Gp,,...,p^ n {Ro9t^ = oo}. 



On the one hand, for any a{Jk, • • • , Ji)-measurable function g{Jk, ■ ■ ■ ,Ji 



Ef[hk+l{-\Jk, ■ ■ ■ , Ji)g{Jk, • • • , Jl)^B.^ 



Ef[gl 



- Ep[glBp^,...,p^^Pu{Jk+i e •,-Bp^,...,pJ] 
^i^p[5H^„.„^^P^(Gp,„„,pjP:'=(Ji G •,i? = oo)]. 

On the other hand, we also have 

Ef[hk+i{-\Jk, ■ ■ ■ , Ji)g{Jk, ■■■ , '^i)l-Bpi,...,pfe] 

= Ep[hk+l{-\Jk, • • • , Jl)S'lBpi,...,pj^-Pa;(-Bpi,...,pJ] 

^ i^P Jfc, . . . , Ji)9lB,,_,,PUGp,,...,p,)P5HR = oo)] , 
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Comparing ()2.24p and (j2.25p and observing that on Bp-^^^^^^p^, -Ptj(Gp^^...^pj.) and all func- 
tions of Ji,..., Jfc are (T{ujy : y G + pi,i < A:)-measurable , we obtain that on 
Bpi,...,Pf., P-almost surely, 

, ,1, J , _ Ep[P!,^{Ji e;R = oo)|a;^,_,+p,,^ < k] 

Ep[Pu;''{R = (X))\ujs^_^+p^,t < k\ 

Noting that 

^Pi,...,Pfe n {ujp^,...,p,, = iwi)i=i} = {Ji =ji,l<i< k}, 

(I2:22]l is proved. 

Next, we will prove the lower bound in (j2.2ip . 

When n > A; > 1, by formula ([2:22]) and (jZTTl) . we have 

K+l{-\jn, ■ ■ ■ ,jl) 

_Ep[P^"{J,e;R = 00)\Up,,...,pJ 



<^Pl,...,p„={«)i)?=o 



^ exp(Ce-^(^+i)^)^p[P^"(Ji e;R = oo)\us^_,+p^,n - k + 1 < i < n] 
- exp(-C7e-T(^'+i)^)£;p[IS"(i? = oo)\uj^^^,+p^,n - k + 1 < i < n] 

I'^Pl Pn=(«'i)?=o 



Ep[P;:;" ^"-^(ii = oo)|a;p„_,^„...,pJ 

l'^P„_fc + l,.-.,Pn=('^i)"=„_fc + l 

^ exp(2Ce-^('=+i)^)/ife+i(-|j„, . . . ,jn-k+i), (2.26) 

where we used the translation invariance of the measure P in the last but one equality. 
When A: = and n > 1, by formula ([2:22]) and (12171) . 

. , ^ exp(Ce-^^)i?p[Pj"(Ji £ = 00)] 
nn+i{-\Jn,...,Ji) < exp(-Ce-7^)i?p[Pj"(i? = oo)] 

= exp(2(7e-^^)]P(Ji G •) 

= exp(2Ce-^^)/ii(-|0). (2.27) 

When k = n = 0, (|2.2ip is trivial. Hence combining (|2.26p and (|2.27p . the lower 
bound in (j2.2ip follows as we take L sufficiently big. The upper bound follows likewise. 

□ 
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Lemma 2.7. Suppose that a sequence of non-negative random variables satisfies 

dP{Xn+l G •l-'^l, • • • ,Xn) 

a < < 

for alln > 1, where a < 1 < b are constants and n is a probability measure. Let < oo 
be the mean of n. Then almost surely, 

am. < lim - ^ Xi < lim - ^^ Xi < bm^. (2.28) 

1=1 1=1 

Before giving the proof, let us recall the "splitting representation" of random vari- 
ables: 

Proposition 2.8. f53|. Page 94] Let v and be probability measures. Let X be a random 
variable with law v. If for some a G (0, 1), 

di/ 

> a, 

d^ 

then, enlarging the probability space if necessary, we can find independent random vari- 
ables A, vr, Z such that 

i) A is Bernoulli with parameter 1 — a, i.e., P(A = 1) = 1 — a, P(A = 0) = a; 

ii) vr is of law /i, and Z is of law {u — a/i)/(l — a); 
Hi) X = {l- A)7r + AZ. 



Proof of Lemma \2. 1 



By Proposition 12.81 enlarging the probability space if necessary, there are random vari- 
ables Aj, TTj, Zj, z > 1, such that for any i E N, 

• Aj is Bernoulli with parameter (1 — a), and tTj is of law |U; 

• Aj,7ri and Zi are mutually independent; 

• (Aj,7rj) is independent of a{Ak,7rk, Zk : k < i); 

• Xi = {I- Ai)TTi + AiZi. 
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Note that since Xj's are supported on [0, cxd), tTj > and Zi > for all i G N. Thus by 
the law of large numbers, almost surely, 

^ n 1 

lim — > Xi > lim — > (1 — Aj)7rj = am„. 

1=1 1=1 

This proves the first inequality of (|2.28p . 

If = oo, the last inequality of ()2.28p is trivial. Assume that < oo. Let (Aj)j>i 
be an iid Bernoulli sequence with parameter 1 — 6^^ such that every Aj is independent 
of all the XnS. By a similar splitting procedure, we can construct non- negative random 
variables Tri,Zi,i > 1, such that {ni)i>i are iid with law /x, and 

ni = {l- Ai)Xi + AiZi. 

Let li = (1 — — A.i)Xilxi<i, we will first show that 

1 " 

lim - Vy^ = 0. (2.29) 

n— >-oo n ^ — ' 
i=l 

By Kronecker's Lemma, it suffices to show that 

oo 

— converges. 

1=1 

Observe that {Y.i=i ^i/i) n^fq is a martingale sequence. Moreover, for all n S N, 



i=l i=l i=l 



oo 

2 



i=l 

foo 1 

/>oo 

<C / xd/i = Cm^<oo. 



By the L^-martingale convergence theorem, "^Yi/i converges a.s. and in L^. This 
proves ([2:29]) . 
Since 

J2P(Yi ^ (1 - - ^ > ^ > i) < < 00, 
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by the Borel-Cantelli lemma, it follows from (|2.29p that 

1 " 

lim - V(l - b'^ - Ai)Xi = 0, a.s.. 

n^oo n ' 
i=l 

Hence almost surely, 

^ n 1 " 1 " 

rrin = lim — > vf « > lim — > (1 — Aj)Xj = lim — > b^^Xi. 

n^oo n ^ — ' ra— s>oo n ^ — ^ n—^co n ^ — ^ 

i=l i=l 1=1 

The last inequality of (|2.28p is proved. □ 

Theorem 2.9. There exist two deterministic numbers Vei,v^e^ > such thatW-almost 
surely, 

lim " = Ve^lAe-, - V-e^lA-e,- (2.30) 
n^oo n 

Moreover, if v^^ > 0, then EpTi < oo and P(ylei U ^-ei) = 1- 

Proof: We only consider the nontrivial case that P(limX„ • ei/n = 0) < 1, which by 
Lemma[23]implies P(j4e^ UA_ei) = 1. Without loss of generality, assume P(lim„_!.oo -'^n • 
ei/n > 0) > 0. We will show that on A^^^, 

lim Xn ■ ei/n = Ve. > 0, P-a.s.. 

ra— >oo 

By ()2.18p and Lemma 12.71 we obtain that P(-|^ei)-almost surely, 
exp (— e • ei < lim 



n 



< lim ^IilI^ < exp (e-'=-^)^pX^, • ei, (2.31) 

exp(-e-'=-^)^pri < lim — < lE^ — < exp (e"^^)£;pri. (2.32) 
„^oo n 

Note that (j2.3ip . (j2.32p hold even if EpXr^ • ei = oo or E^ti = oo. But it will be shown 
later that under our assumption, both of them are finite. 
We claim that 

E^X^^ • ei < oo. (2.33) 

To see this, let @ := {i : Xr^ ■ ei = i for some k G N}. Since Tj's are finite on there 
exist (recall that tq = 0) a sequence {kn)nm such that Xr,.^ ■ ei < n < Xrj,^^-^ ■ ei for 
all n E N and lim„_>>oo A;„ = oo. Hence for n > 1, 

< A±L, ]p.a.s.. 
n Xr^ ■ ei 



31 

Then, P-a.s., 

Elkll£0 < m " 



n^oo n n— s>oo X-,-^ • Ci 

Let Bk = {ek,Xk = 0,^A:+i - ^fc = ei,efc+i^Xfc+, = Ij-'^fc+i+i - -'^fc+i = ei for all 1 < 
i < L}. Then 

Observe that by the definition of the regeneration times, for n > L + 1, 

{Tn-L^i = k,Xk = x-{L + l)ei,R > k}nBkn{Ro Ok+L+i = oo} 
C {i? = oo,n G e,r„ = A: + L + l,Xr„ = x}. 
Hence for n > L + 1, 
P(n G 9) 

> Yl HBkn{Tn-L-i = k,Xk = x-{L + l)ei,Roek+L+i = ^}) 

> Yl Ep[MTn-L-i = k,Xk = x-{L + l)euR>k){'^)''+^ 

xP^(ii = oo)]/P(i? = oo). 
Since by ()2.17p and the translation invariance of P, 

Ep[P^{R = oo)\ojy :yei<x-ei-L-l] > exp(-e-^-^)P(i? = oo), 
we have for n > L + 1 , 

F(n e 6) 

> (f)^^Vip(i2 = oo). (2.34) 



Hence 



^ (^!)i+2e-ip(i? = oo) > 0. 
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This gives (l233]l . 

Now we can prove the theorem. By (I2.3ip and (I2.32p . 

/ o -cLN-^P^n '^1 ^ V ^Tr, -ei 
exp (— 2e ) < nm 

< lE^ ^-"+^ • < exp (2e-^^) ^'^^"^'^\ (2.35) 

P(-|^ei)-almost surely. Further, by the fact that \Xi\ <i and the obvious inequahties 

lim ^-1^ < hm < ih^ < m ^-±i:^, 

we have that 



hm 

n— ^-oo 



Therefore, P(-|j4ei)-almost surely. 



< exp(2e"^^) - 1, P(-|^ei)-a.s. 



hm = lim Tj- — := Ug^, 

where ri is written as t[^^ to indicate that it is an L-regeneration time. Moreover, our 
assumption P(lim„^oo Xn • ei/n > 0) > implies that Ve^ > and (by (j2.35p ) 

EpTi < oo. 

Our proof is complete. □ 

If Ve^ > 0, then it fohows by ([2:32]) that 

EpTn < CnEpTi < oo. (2.36) 

Observe that although Theorem 12.91 is stated for ei, the previous arguments, if 
properly modified, still work if one replaces ei with any z G R'^ \ {o}. So Theorem 12.91 is 
true for the general case. That is, for any z ^ o, there exist two deterministic constants 
Vz,V-z > such that 

lim " = v^Ia, - V-z1a-, 

n— ^-oo n 

and that F{Az U A^^) = 1 if > 0. Then, by the same argument as in [261 page 1112], 
one concludes that the limiting velocity lim^_^oo 

Xn/n can take at most two antipodal 
values. This proves the first part of Theorem 11.31 
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2.3 Heat kernel estimates 

The following heat kernel estimates are crucial for the proof of the uniqueness of the 
non-zero velocity in the next section. Although in the mixing case we don't have iid 
regeneration slabs, we know that (by Lemma l2.6p a regeneration slab has little depen- 
dence on its remote past. This allows us to use coupling techniques to get the same 
heat kernel estimates as in [5j: 

Theorem 2.10. Assume Ve^ > 0. For x G Z'^ and n G N, we let 

Q{n,x) := ¥{x is visited in [t„_i,t„)). 

Then for any x G and n G N, 

P(X^^ = x) < Cn-'^/'^, (2.37) 
XI Qin, < CiE^Tifn-''/^ (2.38) 

By Lemma 12.61 we have for n > 2 and 1 < k < n — 1, P-almost surely, 

hk+l{'\Jn-l, ■ ■ ■ , Jn-k) hk+l{-\Jn-l, ■ ■ ■ , Jn-k) hn{-\Jn-l,---,Jl) 



hk{-\Jn-l, ■ ■ ■ 1 Jn-k+l) hn{-\Jn-l, ■ ■ ■ , Jl) hk{-\Jn-l, ■ ■ ■ , Jn-k+l) 

> exp(-e-'=('=+^)-^ - e-'^'^^) 

> 1 - e-"^^ (2.39) 

for large L. Hence for n > 2 and l<fc<n — 1, we can define a (random) probability 
measure 

CnT'"' that satisfies 

hk+l{-\Jn-l,---,Jn-k) (2.40) 
= e-^^^ci:fc-^'-"'"-'=(-) + (1 - e-^'^)/ifc(-| Jn-l, ■ ■ ■ , Jn-k+l). 

To prove Theorem l2.10l we will first construct a sequence of random variables ( Jj, i G 
N) such that for any n G N, 

(Ji,...,J„) ~P(Ji G J„ G •), (2.41) 



where "X ~ means "X is of law //" . 
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2.3.1 Construction of the Jj's 
Our construction consists of three steps: 

Step 1. We let Ji, J2,i, A2,i be independent random variables such that 

Ji~/ii(-|0), J2,l~/ll(-|0) 

and A2,i is Bernoulli with parameter e~'^^ . Let ^2,1 be independent of o"( J2,i5 ^2,1) 
such that 

m2,ie-|'/i) = C2^\(-)- 

Setting J2 := (1 - A2,i) J2,i + A2,iZ2,i, by (ITiO]) we have 

(Jl,J2)~]P(Ji G-,J2G-)- 

Step 2. For n > 3, assume that we have constructed Ji and {Ji^i,Aij,Zij, 1 < j < i < 
n — 1) such that 

(Ji, . . . , J„_i) ~ F{Ji Jn-i G 

where for 2 < j < i < n, 

Ji,j '■= (1 — Ajj_i) Jjj_i + Ajj_iZjj_i 

and 

Then we define J„^i and (A„^fc, Zn^k, 1 < < n — 1) to be random variables such that 
conditioning on the values of Ji and ( Jj^i, Ajj, Zij, l<j<i<n — 1), 

• (Jn,i, A„^fc, ^n,A;) 1 < k < n — 1) are conditionally independent; 

• The conditional distribution of J„^i is /ii(-|0); 

• For !</;:< n— 1, the conditional distributions of Z^^k fmd A^^^ are C^'JT^''"'"^""'' (•) 
and Bernoulli with parameter e~'^^^, respectively. 

Step 3. For 2 < /c < n, set 

Jn,k ■= (1 — ^n,k-l)Jn,k-l + A„^fc_iZ„^fc_i 

and . — Jn^Tf 



35 

Then (by (|2.40p ) almost surely, 

P{Jn,k S ■\Jn-l, ■ ■ ■ ,Jl) = hk{-\Jn-l, ■ ■ ■ , Jn-k+l)- (2.42) 

It follows immediately that 

(Jl,..., J„) ~P(Jl G J„ G •)• 

Therefore, by induction, we have constructed {Ji,i G N) such that (j2.4ip holds for all 
n G N. 

In what follows, with abuse of notation, we will identify Ji with Ji and simply write 
Jij, Aij, Zij as Jij,Aij and Zij, 1 < j < i. We still use P to denote the law of the 
random variables in the enlarged probability space. 

Remark 2.11. To summarize, we have introduced random variables Jij,Aij,Zij, 1 < 
j < i such that for any n > 2, 

Jn,2 = (1 — An,l)Jn,l + A.n,lZn,l, 
. . . , 

Jn,n-1 = (1 ~ An^n-2)Jn,n-2 + An,n-2'^ra,n-2 j 
Jn — Jn,n — (1 ^n,n— l)<Ai,n— 1 ~l~ ^n,n— l-^n,n— !• 

Intuitively, we flip a sequence of "coins" A„^„_i, . . . , A„^i to determine whether Ji, . . . , Jn-i 
are in the "memory" of Jn- For instance, if 

An^n—l — ■ ■ ■ — An^n—i — 0, 

then Jn = Jn,n-i doesn't "remember" Ji, . . . , Jj (in the sense that 

^{Jn,n—i £ '\Jn—lj • • • i Jl) — ^n— i (' | "Ai— 1 ; • • • i Ji+1^- 

See ^M)- 

2.3.2 Proof of Theorem I^TTUl 

For 1 < i < n, let In{i) be the event that Aj^j_i = . . . = Aj^i = and Am,m-i = ■ ■ . = 
Am,m-i = for all i < m < n. Note that on Ini^), 

Ji = Ji,i and Jm = Jm,m-i for all i < m < n. (2.43) 
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Setting 

M„ := {1 < i < n : / 0}, 

we have 

Lemma 2.12. For n > 2, let H be a nonempty subset of {2, . . . , n}, and set 

M„ := {1< i < n : / 0}. 
Conditioning on the event {Mn = H}, the sequence {Ji)i(^H is iid and independent of 

{Ji)ie{l,...,n}\H- 

Proof of Lemma \2.12l - From our construction it follows that for any i > 1, Jj^i is 
independent of 

a{Akj, l<j<k)V a{Ji, l<l<i)V a{Jm,m-i,m > i). 

Hence by (|2.43p . for any i £ H and any appropriate measurable sets (yj)i<j<n, 

P(Jj G Vj, l<j< n\Mn = H) 
= HJ^,l G Vi)¥{J] e Vj, l<j<n,j^ i\Mn = H). 

By induction, we get 

]P(Jj € l/j, 1 < i < n\Mn = H) 

= W HAi G Vi)F{Jj eVj,l<j <n,j H\Mn = H). 

The lemma is proved. □ 
Proof of Theorem \2.1Ck By Lemma 12.121 for i & H and all j G {1, . . . ,d}, 

F{Xr, - Xr^_^ = {L + l)ei ± ej\Mn = H)= P(X,, = (L + l)ei ± ej) > 0, 

where the last inequality is due to ellipticity. Hence arguing as in [5] pages 736, 737], 
using Lemma 12.121 and the heat kernel estimate for bounded iid random walks in Z'^, 
we get that for any x S Z'^, 

FiYl - Xr.-i = x\Mn = H)< C\H\-''/^, 
ieH 
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where \H\ is the cardinahty of H. Hence, for any subset H C {2, . . . ,n} such that 
\H\ > n/2, 

nXr„ =x\Mn = H) 

ie{l,...,ri}\H 



y ieH 



y\Mn = H) 



X P( Yl - Xr,-i = y\Mn = H) 

i&{l,...,n}\H 



(2.44) 



where we used Lemma 12.121 in the second equahty. 
On the other hand, 



>o 



\Mn\ > n - ^ ( lA,,i_i+-+A,,i>0 + E 1A™,^_i+-+A™ 
i=1 ^ m=i+l 

71 71 771—1 

= ~ E lAi,i_i+-+Ai,i>0 - E E 1A™,„_i+-+A„,„_,>0 
1=2 m=2 i=2 

71 

> n - 2 ^ 

711=2 

where := sup{l < j < m : A^j = !}• Here we follow the convention that sup0 = 0. 
Since i^m's are independent, and for m > 2, 

711—1 

i=o 

771— 1 

< E e^P(A™,, = 1) + 1 



< 



E 



+ 1 — )• 1 as L — )• oo. 



we can take L to be large enough such that Ee^"^ < e^^^ for all m > 2 and so 
F{\Mn\ < n/2) < P{K2 + --- + Kn> n/4) 



(2.45) 



By ([2:1^ and ([TiS]) . inequality (jOT]) follows immediately. 
Furthermore, since 
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Q{n,x) 

= '^F{Xr„_^ = y)P(x is visited in [Tn-i,Tn)\Xr„_^ = y) 
y 

Lemma l2.6l ^ — ^ ^ 

< C2^P(X^„_i = y)P((x - y) is visited during [0,ri)), 

by Holder's inequality we have 

Q{n,xf' 

< C[^]P((x — y) is visited during [0,ri))] 

y 

X [^P(X^„_^ = y)^P((x - y) is visited during [0,ri))] 

< C^;jpTi ^ P(X^„_, = yf¥{{x - y) is visited during [0,ri)). 

y 

Hence 

< CE^Ti = yf Yl ^((^ - is visited during [0, n))] 

<C{EpnfJ2^{Xr^_,=yf 
y 

y 

Theorem 12.101 is proved. □ 

2.4 The uniqueness of the non-zero velocity 

In this section we will show that in high dimensions (d > 5), there exists at most one 
non-zero velocity. The idea is the following. Consider two random walk paths: one 
starts at the origin, the other starts near the n-th regeneration position of the first 
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path. By Levy's martingale convergence theorem, the second path is "more and more 
transient" as n grows (Lemma l2.14p . On the other hand, by heat kernel estimates, when 
d > 5, two ballistic walks in opposite directions will grow further and further apart from 
each other (see Lemma l2.13p . thus they are almost independent. This contradicts the 
previous fact that starting at the n-th regeneration point of the first path will prevent 
the second path from being transient in the opposite direction. 

Set 5 = 5{d) := g^E^- (The reason for choosing this constant will become clear in 
(j2.53p .). For any finite path y. = {yi)flQ,M < oo, define A{y.,z) to be the set of paths 
{xi)^Q,N < oo that satisfy 

1) xo=yo + z; 

2) d{x„yj) > {iyjf if iVi > |z|/3. 

The motivation for the definition of A{y.,z) is as follows. Note that for two paths 
X. = {xi)f^Q and y. = {yi)fiQ with rro = yo + ^, if ^ V j < \z\/3, then 

d{xi,yj) > d{xo,yo) - d{xo,Xi) - d{yo,yj) > \z\ - i - j > \z\/3. 
Hence, for (xi)^o ^ Mv-^^), 

^-ld{x,,y,) < ^ g-7kl/3 ^ ^ e-7(i'+i')/2 
i<N,j<M 0<i,j<|2|/3 iVj>|2|/3 

< (^)2g-7kl/3 + e-7iV2)2 < c. (2.46) 

This gives us (by (G)) an estimate of the interdependence between a[ujx : x G (a^Oi^o) 
and a{u)j; : x £ iyi)fio}. 
In what follows, we use 

r.' = r.(-ei,e,X) 

to denote the regeneration times in the — ei direction. Assume that there are two 
opposite nonzero limiting velocities in directions ei and — ei, i.e., 

fei • f-ei > 0. 

We let ¥{■) :=P(-|i?_ei = oo). 




Figure 2.2: X. G A{Y:'\z). When iV j > \z\/3, the distance between YJ' of the 
"backward path" and Xj is at least {i V j)"^. 

Lemma 2.13. Assume that there are two nonzero limiting velocities in direction ei. 

We sample (e,X) according to F and let f. = r.(ei,e,X) denote its regeneration times. 
For n> 1, we let 

be the reversed path of (Xj)j!J^Q. // \z\ is large enough, d> 5 and n> 1, then 

EpF^-r.+^{X. e ^(i:", z)) >C> 0. (2.47) 

Proof: Let 

:= l\z\'/^\. 

Then 

< £;pP^-+^(T;„^ > \z\/3) + F{fn - fn-m. > \z\/3) (2.48) 

+ EpF^fn+^{d{Xi, X") < i^ for some i > t^J (2.49) 

+ EpF''^r.+^{d{Xr„-j,X.) < / for some i > f„ - f„_^J. (2.50) 
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We will first estimate ()2.48p . By the translation invariance of the environment 
measure, 

P"(r;„, > 1^1/3) = HrL. > kl/3) for any x G Z". 

Hence 

E^F^^«+^{rU^ > \z\/3) = F{ri^ > \z\/3) < < C{E^T[)\z\-y' . (2.51) 

Similarly, 

P(f„ - fn-m^ > \z\/3) < exp (e-^^)P(r^, > \z\/3) < C{Epn)\z\-^/\ (2.52) 

To estimate and ([230]) . for i > 1, n > j > 1, we let 

Q'{i,x) = ]P(x is visited in [Tj'_i, r^')), 

Q{j,x) = ]P(X^„ + X is visited in[T„_j, r„_j+i)). 

Note that by arguments that are similar to the proof of Theorem 12.101 one can also 
obtain the heat kernel estimate (j2.37p for Q'{i,x) and Q{j,x). For I > 0, let B{o,l) = 
{x G Z'* : d{o, x) < I}. Recall the definition of the r-boundary in Definition 11.21 By the 
translation invariance of the environment measure, 

Fy{Xi = y + z) = f{Xi = z) for any y, z G Z'^and i G N. 

Hence 

EpF^-"+\d{Xi,X.) < for some i > t^J 

^ E E E +z + xis visited in [r/, r^+i)) 

i>m3 y£diB{o,i^) ^ 

= E E E ^i^it^d [^^' +z + x + yeYn 

= E E EE^'(^'^)^(-^''^+^+2/)- 

i>mz y£d\B(o,i^) j<'n x 
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By the heat kernel estimates and Holder's inequality, 



^ ^ Q'ii, x)Q{j, x + z + y)< E W E ^(■?' ^ + 

j<n a; ^ X j<n y x 

Thus 

EpF^^^+'{d{Xi,X.) < for some i > t^J 

< ^ E E ^"'/'^P-(^pn 

< C ^ i('^-i)^i-'^/4i?pr(i?pTi < C|z|-('^-4)/8i?pr(£;^ri, (2.53) 

where we used d > 5 and 5 = g^'^~'^^^ in the last inequality. Similarly, we have 

EpF^^^+'{d{Xf^^j,X.) < f for some j > f„ - f^-mj 
< C7|z|-('^-^)/«^pT{S^ri. (2.54) 

Combining ([231]) . ([232]) . ([2331) and (1231)1 . we conclude that 

SpP^-"+^(x € A(y",z)) > c > 0, 

if l^l is large enough and d > 5. □ 
Let 

r° = inf{i > : • ei < 0}. 
For every fixed u £ Q and P° ^-almost every X. , 



and so by Levy's martingale convergence theorem, 

lim P^Qn^iT° = oo)lT°>n = 1t°=oo, -P°,-almost surely. 
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Hence, for (a;,e,X) sampled according to P, 

lim P J.f (T° = 00) = 1, F- almost surely. 
It then follows by the dominated convergence theorem that 



lim S^pf „\ fr° < 00) = 0. (2.55) 



Lemma 2.14. For any z G 



li™ ^wP^eCiT" < 00) = 0. (2.56) 
Proof: For n > \z\, obviously 

{Xf^ +z)-ei>0. 
This together with ellipticity yields 

Hence using ()2.55p . 

lim E^P^:^\" {T° < 00) = 0. 
On the other hand, noting that {R > ri} = {R = 00}, 

= Y.Pp^QKTmMASP" < '^)P^AP > ^I'^n = ni,X^ = x)]/FiR = 00) 

m,x 

= Y.Ep^q[P^P^{T'' < ^)P^^AR > Ti,r„ = m,Xm = x)]/F{R = 00) 

m,x 

where we used the independence (under Q) of P^^m^{T° < 00) and P°^{R > ri,T„ = 
m, Xm = x) in the second to last equality. The conclusion follows. □ 

Proof of the uniqueness of the non-zero velocity when d > 5, as stated in Theorem \1.3]; 
If the two antipodal velocities are both non-zero, we assume that 



Uei • f-ei > 0. 
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Sample (w, e., X) according to P. Henceforth, we take z = zq such that ()2.47p holds 

and 

zq ■ ei < —L. 
We will prove Theorem 11.31 by showing that 

EpP^,eC"iT''<^)>C (2.57) 

for all n > \zq\, which contradicts with (j2.56p . 

First, let Q denote the set of finite paths y. = (yj)^£o satisfy um = 0, M < oo. 
Then 

^p<e'C°(^°<°°) (2-58) 
> E^P^p:;'\{X,)f:, G A{Y.\zo),T° < oo) 

y&Q N<oo 

By the definition of the regeneration times, for any finite path y. = (yi)^o, there exists 
an event Gy, such that Puj^eiGy,) is a{ei^y-,u}y. : <i < M,0 < j < M — L)-measurable 
and 

{y" = y.} = m)^-, = {yM-j)fLo} = Gy. n {R o Om = oo}. 
Hence, for and any y. = (yi)^o ^ ^ ^^"^ ^- ~ {^i)f=o ^ ^(y-^-^o), X < oo, 

= Ep[py^+^^^{{X,)j:, = x.,R^,, > N)P^{Gy,)pyj{R = oo)] 

j2Tn 

> CEp[pyj+''{{Xi)Jl^ = x.,R^,,> N)P^{Gy.)\nR = ^)- (2.59) 

where we used in the equality that (ei,x)i>o xeZ'' ii*^ in the inequality the fact 
that 

P,^«+^«((X,)f:o = X.,i?-e, > N)P^{Gy.) 
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is a{ujv V ■ ei < yo ■ ei — L)-measurable (note that zq • ei < —L). Further, by Lemma 
Oand (Hai]), we have 

> CF^o+zo ((x,)fJo = x.,R-e^ > N)F{Gy,). (2.60) 

Note that 

12171 

F{Gy.)F{R = ^) > CEp[P^{Gy,)py°{R = <x^)] 

= C¥{YJ' = y.)>C¥{Y^ =y.). (2.61) 

Therefore, by (I238D . (|239ll and <^M). 

^^Yl Yl ^^"+'°((^i)f=0 = X-,R-e^ > N)f{Gy.)nR = OO) 

j/.eG Af<oo 

(x,)fL„&A(y.,zo) 

HTUTl _ _ _ 
> C-^^ 5^ pJ^°+^«((X,)f:o = x.,i?-e, >iV)P(X" = y.) 

S/.eG Af<oo 

{a;,),^oeA(j/.,2;o) 

~ •(> I , , , , Lemma 2. 13 



(|2.57p is proved. 



□ 



Chapter 3 



Invariance Principle for Random 
Walks in Balanced Random 
Environment 

This chapter is devoted to the proofs of Theorem 11.41 and Theorem 11.51 

The structure of this chapter is as follows. In Section 13.11 we construct the "peri- 
odized environments" as in [501 ^S^, and show that the proof of Q ~ -P can be reduced 
to the proof of the inequahty (|3.2p . Using the maximum principle (Theorem 13. ip , we 
then prove (13. 2p in Section [32] under the assumptions of Theorem ll.4r i). In Section [3^ 
which is devoted to the iid setup, we prove Theorem ll.Sl fi) using percolation tools. Sec- 
tion [33] is devoted to the proof of the transience of the RWRE for d >3, thus providing 
a proof of Theorem 11.4l fii) . In Section 13.51 we will show a modified maximum principle 
for balanced difference operators, and use it to prove Theorem 11. 5( ii). 

Throughout, C denotes a generic positive constant that may depend on dimension 
only, and whose value may change from line to line. 

3.1 The periodized environments 

As in |5U1 154j . the following periodic structure of the environment is introduced. 

Let A]\i{xo) = {x G Z'^ : |a; — xo|oo < N} be the cube centered at xq of length 2N. 
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Let Atv = An{o). For any x G Z'^, set 



X : 



:= X + (2iV + 1)Z'^ G z7(2iV + 



For any fixed w G 17, we define uj^ by setting (x'^(x) = uj{x) for x G An and 
a;^(2/) = for y G whenever y = x. Let = {w^ : a; G J]}. Let {Xn,N} 

denote the random walk on Z*^ in the environment w^. Then {Xn,N} is an irreducible 
finite-state Markov chain, hence it possesses a unique invariant probability measure, 
which can always be written in the form 



(2iV + l) 

Here is some function on An and (2A^ + sums to 1, so that can be 

interpreted as a density with respect to the uniform measure on Atv- 
Define 

Qn = Qn,u) = (2jv + l)'^ E ^n{x)6q^^n 
as a probability measure on Vl^ . Then, for any x G Aat, 

_ ^jv(x) _ 

- QnK^ )■ 



{2N + 1) 

This implies that Qn is the invariance probability measure (with respect to the kernel 
M) for the Markov chain {tD^(n)} on Q,^ . 

We will show that Qn converges weakly to some measure Q with good properties. 
To do this, we first introduce a sequence of measures 



which, by the multidimensional ergodic theorem (see Theorem (14. A8) in [23] and also 
Theorem 1.7.5 in [31]), converges weakly to P, P-a.s. 

Let {uj^}^^i denote the set of distinct states in {6^uo^}xeAN Cn{'^) '■= {x G 
Atv : O'^uj^ = w;^}. Set, for any finite subset E C Z'^, 
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Since AQn/ APn = 1^7=1 ^lon\Cn{i)\~^ Y^xeCNii) ^n{x) := /at, we have that, for any 
measurable function g on $7, 

\QNg\ <{j f^dPN)^{j \gr' dPN)^ 

k 

I ^1 7=la:eCAr(7) 

= \\^NU^APN\9f)^, (3.1) 



where a' is the Holder conjugate of a, 1/a + 1/a' = 1, and we used Holder's inequality 
in the first and the second inequalities. Since is compact with respect to the product 
topology, along some subsequence A^^ — ^ cOj {Qn^} converges weakly to a limit, denoted 
Q. Assume for the moment that 

ih^ ll^7v||Aiv,a < C, P- a.s. (3.2) 

TV— ^co 

We then show that, for a.e. uj G fl, 

Q<^P. (3.3) 

Indeed, let vl C be measurable. Let p denote a metric on the Polish space fi. For 
any closed subset F C A, 6 > 0, introduce the function /(w) = [1 — p{u},F)/6]~^ which 
is supported on Fs = {u £ Q : p{uj,F) < 6}. Then, by I^A\), (lO) . 



QF < lim QnI < C{Pr')^ < C{PFs)^. 

Letting 6 10, we get QF < C{PF)'^ . Taking supremums over all closed subset F <Z A, 
one concludes that QA < C ■ (Pj4)^, which proves (13. 3p . 

Once we have (j3.3p . it is standard to check, using ellipticity, that oj{n) is ergodic with 
respect to Q and Q ^ P (see [50l[54]). (Thus, by the ergodic theorem, Q is uniquely 
determined by Qg = limn^oo EY2^~q g{Qj) /n for every bounded measurable g. Hence 
Q is the weak limit of Qn-) Therefore, to prove the invariance principle it suffices to 
prove p.2p . Sections 13.21 and Section 13.31 are devoted to the proof of (|3.2p , under the 
assumptions of Theorems 11.41 and 11.51 



49 

3.2 Maximum principle and proof of Theorem ll.4( i) 

Throughout this section, we fix an a; € fi. For any bounded set E d'L'^, let dE = {y G 
i?'^ : 3x G E, \x — y\oo = E = E{_] dE and diam(i?) = max{|x — y\oo ■ x,y £ E}. For 
any function / defined on E , let L^^ denote the operator 

d 

{L^f){x) = Y,u{x,ei)[f{x + ei) + f{x-ei)-2f{x)], x e E. (3.4) 
1=1 

The following discrete maximum principle is an adaption of Theorem 2.1 of [32]. 

Theorem 3.1 (Maximum Principle). Let E <Z he bounded, and let u be a function 
on E. For all x £ E, assume e{x) > and define 

Iu{x) ■■= {s : u{x) - s ■ x> u{z) - s ■ z,yz G E}. 

If L^^u{x) > —g{x) for all x G E such that Iu{x) / 0, then 

<CdiamS( ^ l-n^maxu. (3.5) 



maxti 
E 



In particular, 

Proof: See the proof of Theorem 2.1 in |32j . □ 



maxii < C diam E ■ \E\<i\\-\\^ ^ -\- maxu. 
E e ' dE 



Define the stopping times tq = 0, ti = r := min{j > 1 : \Xj^N' — -'^CAfloo > ^} and 
Tj+i = min{n > tj : \Xn,N - Xr^^Moo > X}. 

Lemma 3.2. Let uj^ , {X„jv} be as in Section 1 and r as defined above, then there 
exists a constant c such that, for all X large, 

E"e^^Mil-^r<C<l. 

Proof: Since P is balanced, Xn^N is a martingale and it follows from Doob's inequality 
that for any K > 1, 

d 

Pg.^N{T <K}< 2 V Pe°.^iv{sup Xn,N{i) >X+l} 

2 A„ ^ . 2d 



2 = 1 



where X„_7v(^) is the i-th coordinate of Xn^N- Hence 

Taking c = and K = N'^/lQdP, we get E°.,^j,{l - -^f < e'^ + 2"^ 
Theorem 3.3. 

ll^ivelU^,/? < C, ( 

where (3 = d' = d/{d-l). 

Proof: Let c be the same constant as in the previous lemma. For any function h 
on Aat, 



Since the function f{x) = E^j^ SJ=o ^i-^j,^) satisfies 

J L^Nf{x) = h{x), if X e An 
[ f{x) = 0, ifxedAM, 

we can apply the maximum principle (Theorem 13. ip and get 

sup E^^^ThiX^^N) < CiV'||-||A^,d. 
This, together with Lemma [3?2] and '^^gAn ^N{x)/\Aj\f \ = 1, yields 

ll^iV -/iIIa^,! < C\\^\\AN,d- 

Hence by the duality of norms, 

||$7Ve||Ajv,/3 = sup ||^>iv/l||Ajv,l <C- □ 

ll^/e||Ajv,'i = l 



( 
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Proof of \3. 2\) under the assumption of Theorem * ) ■ 
Assume that 

Ee(o)~P < oo for some p > d. (3-8) 
Take a = {1 — 1/d + 1/p)^^. We use Holder's inequality and Theorem 13.31 to get 

II^TvIIAjv.q < ||^Are||Ajv,;9||e~"^||AAr,p < C'lk""^ || Ajv,p- 

By the multidimensional ergodic theorem, 

-1 - - 

lim ||e \\anp = {^^{o) ^)p<oo, P- a.s. □ 

Remark 3.4. Without the assumption ^3.8\) . the conclusion (I3.2p may fail. To see the 
difficulty, let 

A = A{u, eq) = {x : mmiLi{x, ei) < Eq}. 

i 

By ( fg. 6\) we have 

s C 

||*I'7v1a<=||Ajv,/3 < W^N — I|Ajv,;8 ^ — ■ 

£0 £0 

In order to proceed as before, we need to show that limjv_s.oo||*^*AflA||Ajv,a — ^ /^'^ some 
1 < a < f3 . As Bouchaud's trap model 1131 shows, this is not always the case. 
However, if P{max^^\^iUj{o,e) > S^q} = 1, then for x £ A, we have, using that the 
environment is balanced, some control of ^]\f{x) by ^n\a'= (see Lemma \3.5\) . Further, 
in the iid case, A corresponds to a 'site percolation' model, whose cluster sizes can be 
estimated. We will show in the next section that these properties lead to a proof of i3. 2\) 
in the iid setup, without moment assumptions. 

3.3 A percolation estimate and proof of Theorem ll.5( i) 

In this section we consider the RWRE in the iid setting where max|e|=i a;(x, e) > for 
all X G Z"^ and all uj £ Q,. We begin by introducing some terminology. 

The l^ -distance (graph distance) from x to y is defined as 

d 

d{x,y) = |x - y|i = ^ \xi - yi\. 

i=l 
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Note that I 

In an environment oj, we say that a site x is open{closed) if min^ a;(a;, Cj) < £o(> 
eo,resp.) and that an edge of Z"^ is open if its endpoints are open. Here £o > is a 
constant whose value is to be determined. An edge is called closed if it is not open. Let 
A = A{ijj) denote the subgraph of Z*^ obtained by deleting all closed edges and closed 
sites. We call A{uj) a site percolation with parameter p = p{£o) = P{minj oj{x, Cj) < Eq}. 

A percolation cluster is a connected component of A. (Although here a percolation 
cluster is defined as a graph, we also use it as a synonym for its set of vertices.) The 
diameter of a percolation cluster B is defined as 1{B) = sup^^^ y^g^ d{x,y). For x E A, 
let Ax denote the percolation cluster that contains x and let Ix denote its diameter. Set 
Ax = ^ and Ix = if x ^ A. We let Eq be small enough such that Ix < oo for all x € Z"^. 

We call a sequence of sites {x^, • • • ,a;") a path from x to y ii x^ = x, x"' = y and 
\x^ — x^^^l = 1 for j = 1, • • • , n — 1. Let 

□ = {(«!,••• ,Kd) : Ki = ±l}. 

We say that a path {x^, • • • , x"} is a K-path, k G □, if 

u;{x^,x^+^ -x^) >^o 

and Ki{x^'^^ — x^)i > for alH = 1, • • • ,d and j = 1, - ■ ■ ,n—l. Observing that for each 
site there exist at least two neighbors (in opposite directions) to whom the transition 
probabilities are > we have the following property concerning the structure of the 
balanced environment: 

• For any x £ A and any k G □, there exists a K-path from x to some y G dAx, and 
this path is contained in Ax- 

This property gives us a useful inequality. 
Lemma 3.5. For x e An An, if Ix < N, then 

$iv(x)<^o"'^ J2 ^Ar(y). (3.9) 
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Proof: Suppose that Ax ^ 9 (otherwise the proof is trivial). Since Ix < N, Ax C 
Aj\[{x). Note that at least one of the 2^^ corners of Aj\[{x) is contained in Ajv- Without 
loss of generality, suppose that v = x + {N, ■ ■ ■ , N) C Ajy. Then there is a (!,••• , 1)- 
path in Ax from x to some y G dAx H A^r, as illustrated in the following figure: 



I 
I 

I 

I I 

I 

Recalling that is the invariant measure for {Xn,N} defined in Section 1, we have 

zGAjv 

Here PJ]v(^,y) denotes the m-step transition probability of {Xn^N} from z to y. □ 
Let Sn = {x : |x|oo = n} denote the boundary of A„. Let a; — y be the event that 
y S Ax and o — )• 5'„ be the event that o ^ x for some x €z Sn- The following theorem, 
which is the site percolation version of the combination of Theorems 6.10 and 6.14 in 
|27j . gives an exponential bound on the diameter of the cluster containing the origin, 
when p is small. 

Theorem 3.6. There exists a function (f){p) of p = p(eo) such that 

P{o Sn} < Cn'^-^e-'"^^^ 

and limp^o (Pip) = oo. 

Let Ax{n) denote the connected component of Ax n A„(x) that contains x and set 

Qn = P{0 Sn}. 



A 



N 
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The proof of Theorem 13.61 wih proceed by showing some (approximate) subadditivity 
properties of qn- We thus recall the following subadditivity lemma: 

Lemma 3.7. // a sequence of finite numbers {b^ : k > 1} is subadditive, that is, 
bm+n <bm + bn for all m,n, then linifc^^oo bk/k = inf^eN bk/k. 

Proof of Theorem \3.6[ We follow the proof given by Grimmett in [27] in the bond 
percolation case. By the BK inequality ([27j, pg. 38), 

Qm+n < ^ P{o X}P{X X + Sn}- 

But P{o x} < qm for x G Sm and P{x — >• x + Sn} = qn by translation invariance. 
Hence we get 

Qm+n ^ I \ qm Qn ■ 

(3.10) 

By exchanging m and n in (j3.10p . 

Qm+n ^ \SmAn\QmQn- (^-H) 



On the other hand, let Ux be the event that x £ Ao{m) and let Vx be the event that 



Ax{n) n Sm+n + 0- We use the FKG inequality (['27], pg. 34) to find that 

gm+n > P{Vx)P{Vx) for any x G Sm- 
However, XlxeSm P{^x) > Qm^ which implies that 

max P{Ux}> 



Let 7„ = P{Ao{n) D {x : xi = n} ^ 0}, then P{Vx} > 7„. Moreover, 7„ < g„ < 2d'jn- 
Hence 

^ QmQn 
Qm+n ^ 



2d\Sm\' 

and then 



^ QmQn /r, 1 r,\ 

Qm+n > TTTTT^ T • (3-12) 

Za\OmAn\ 



Note that \Sm\ < Cd'm'^-^. Letting 



bk = log qk + log Cd + {d- 1) log(2/c), 
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one checks using (j3.1ip that the sequence {bk} is subadditive. Similarly by (|3.12p . 
{— log Qk + log{2dCd) + (d — 1) log(2A;)} is subadditive. Thus, using Lemma [321 

4>{P) ■= - lim rlogg/c 

exists and 

log Qk + log Cd + id- 1) log(2A;) > -A:</.(p), (3.13) 

- log Qk + log(2dCrf) + (d - 1) log(2A:) > k^ip). (3.14) 

The first part of the theorem follows simply from (|3.14p , and the second by noting that 
with p I in (|3.13p we have qt iO and then (pip) — oo. □ 

Remark 3.8. It follows from Theorem \3. 6\ that 

P{lo >n}< P{o ^ 5L,/2dj } < Ce'^(^')n'^-^e-"*(P)/2'^. (3.15) 

With i3.15\} and the Borel-Cantelli lemma, one concludes that, P-almost surely, Ix ^ N 
is true for all x G An when N is sufficiently large and p is such that 4>{p) > 0. Hence 
the inequality 113. 9\} holds for all x & Ajy when N is large. 

Proof of \3. 2\) under the assumption of Theorem \1.5\( i): By Holder's inequality, 

so when is large enough we have by Lemma 13.51 that for any x G Af] An, 

^n{x) < Co-'15A,|'-'/^|A^|1/'5||$;vWJ|a^,/3. (3.16) 
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Hence for any a G (l,/3), 



< 



A 



N 



Aivl^/^ll^'ivWjlA 



l-a//3 



a/13 



\^n\ 



y 



1^ E {Co'^\dAA'-'^^\A^\'^^r'/^^-''^ 



xeAnAr 



E 



«//3 



where we used ()3.16p in the first inequality and Holder's inequality in the second. 
Observe that 



E 



iMaAji,^ < tw^NloAMi,,, < 2^11$^ WllL,, < Ce^', (3.17) 



1=1 



where Ai, - ■ ■ , A„ are different clusters that intersect with A^v- On the other hand, the 
multidimensional ergodic theorem gives 

' ' xeAnAjv 

= i?(eo-'l5Ao|'-'/^|Ao|V/3)"^/(^-°) <Ci^(^-'°/^)°^/(^-°) P-a.s., (3.18) 
which by (j3.15p is finite when eq is small. □ 



3.4 Transience in general ergodic environments 



In this section we will prove (ii) of Theorem 11.41 by an argument similar to that in [53] . 
The main differences in our method are that we use a stronger control of the hitting 
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time (Lemma I3.9P , and that we apply a mean value inequality (Theorem I3.10p instead 
of the discrete Harnack inequality used in 



Lemma 3.9. Let {Xn} be a random walk in a balanced environment oo such that 
u}{x,o) = for all x. For any r > 0, define r = T(r) = inf{n : \Xn\ > r}. Then 
EZT<{r + l)\ 

Proof: Observe that {l^nP — n} is a (quenched) martingale with respect to {Fn = 
a{Xi, ■ ■ ■ ,Xn)]. Thus by optional stopping, = - r] < (r + 1)^ - Ey. □ 

To prove Theorem ll.4( ii). we shall make use of the following mean- value inequality, 
which is a modification of Theorem 3.1 in [32]. Let Br{z) = {x ^ Ij"^ : \x — z\ < r}. We 
shall also write Br{o) as B^] recall the definition of L^^ in (13. 4p . 

Theorem 3.10. For any function u on BrIxq) such that 

L^u = 0, X € Br{xo) 
and any a £ (0, 1), < p < d, we have 

u+ 

where C depends on a, p and d. 

We postpone the proof of Theorem 13.101 to the next section, and now demonstrate 
Theorem 11.41 

Proof of Theorem \1.4^ ii): Note that the transience of the random walk would not 
change if we considered the walk restricted to its jump times. That is, the transience or 
recurrence of the random walk in an environment uj is the same as in an environment 
Cj, where uj is defined by u}{x,e) = uj{x,e)/{l — uj{x,o)). Therefore, in the sequel we 
assume uj{x,o) = for all x and almost all uj. 

Let K be any constant that is at least 3. We denote Bj^i{x) by B^{x) and define 
Tj := inf{n : > K^}. Our approach is to bound the (annealed) expected number of 
visits to the origin by the walk; this requires some a-priori bounds on the moments of 

6(o)-l. 



For any z G 95* , y £ ^, noting that E^{^ visits at y before rj+2) 
satisfies Lujv{x) = for x G 5*+^ \ {y}, we have that, for p G (0, d], 

Egy^{ # visits at o before Tj+i) 

< -E'(^^^(# visits at y before Ti-^-2) 

< max -E'^(# visits at y before rj+2) 
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< C 

< c 



visits at y before Ti+2) 



visits at y before Tj_|_2) 



e^(x)'^/p 

where we used Theorem 13.101 in the third inequahty. Take p = d/q (without 
generahty, we always assume that q < d). Then, by ()3.19p and Lemma |3.9|, 

Eevuii # visits at o in [ri,ri+i)) 



(3.19) 

loss of 



1 



E 



£'2(# visits at y before ^^2)'^^'' 



< ^r^-«7 \^ \^ £;5(# visits at y before rj+2^ 



e^(x)9 

visits at before ri+2; 



+2 



e^(x)'i 



= CK-''' E 

<cif-^« E 

Taking expectations and using translation invariance, we have 

E°(# visits at o in [ri,ri+i)) < CK^^-''^'Es~'^ . 
Therefore, if Ee~'^ < 00 for some q > 2 , then 

00 

E°(# visits at o) < CSe-« E^^^"^^' < 

i=l 



(3.20) 
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This proves Theorem ll.4l fii) for P} such that uj{x,o) = for all x and almost all 
Lj. As mentioned earlier, the general case follows by replacing e with e/{l — u}{o,o)). □ 



Remark 3.11. It is natural to expect that arguments similar to the proof of the invari- 
ance principle also work for proving the transience in the iid case. Namely, one may 
hope to control {visit a in [Tj,rj+i)} using some mean value inequality (like Theo- 
rem \3.l0\) . and to use percolation arguments to handle "had sites" where the ellipticity 
constant e is small. 

This suggests considering walks that jump from bad sites to good sites. In 
Kuo and Trudinger proved a maximum principle and mean value inequality for balanced 
operators in general meshes, which may be applied to balanced walks with possibly big 
jumps. However, their estimates, in the presence of a small ellipticity constant, are not 
strong enough. To overcome this issue, we will prove a modified maximum principle 
that involves only big exit probabilities, and then use it to prove the transience in the 
i.i.d case with no moment assumptions. 

3.5 Transience in iid environments 

In this section we prove a modified maximum principle for balanced environments. We 
then prove Theorem 2(ii) using the corresponding mean value inequality (Theorem l3.14p 
and percolation arguments. 

3.5.1 Difference operators 

Following [33], we introduce general difference operators. Let a be a nonnegative func- 
tion on X 'Z'^ such that for any x, a{x, y) > for only finitely many y. Define the 
linear operator La acting on the set of functions on Z'^ by 



Laf{x) = Y,aix,y)ifiy)-f{x)). 



y 



We say that La is balanced if 





y 



Throughout this section we assume that La is a probabiHty operator, that is, 

^a(x,y) = 1. 
y 

For any finite subset E C U^, define its boundary 

= E^{a) = {y ^ E : a{x, y) > for some x £ E}, 

and set 

E = EUEK 
Define the upper contact set of n at x G as 

luix) = Iu{x, E, a) = {s G M*^ : u{x) — s ■ x > u{z) — s • 2; for all z G E} 

Set 

hx = hx{a) = max |x — y|, 

= a(x, — x), and 60 = sup 

y 

Note that 60 = when La is balanced. 

The following lemma is useful in the proofs of various mean value inequalities. It 
is similar to Theorem 2.2 in |33j , except that the proof in [33] contains several unclear 
passages, e.g., in the inequality above (2.23) in [33j, and so we provide a complete proof. 
Throughout, we set u'^ = n V 0. 

Lemma 3.12. Fix R > 0. Let rj{x) = riji{x) := (1 — \x\'^ / R^Y l\x\<R be a function on 
W^. For any function u on Br such that LaU > in Br and any (3 > 2, we let v = rju^ . 
Then, for any x G Br with Iv{x) = Ivix, Br, a) 7^ 0, 

where C{l3,boR) is a constant that depends only on (3 and boR. 

Proof: We only need to consider the nontrivial case where v ^ 0. For s = s{x) G 
Iv{x) / 0, recalling the definition of ly one has 

|s| < 2v{x)/{R- \x\). 



60 



(3.22) 
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Note that Iv{x) 7^ implies u{x) > 0. If further — |xp > 4i?|x — y\ , computations 
as in [SB,, pg- 426] reveal that 



2-P < 



r/(x) 



\v{x) - Viy)\ < /32^i?-S(x)i-i/^|x - y\, 
\r]{x) - r]{y) - Vr]{x)ix - y)\ < f3{(3 - 1)2'^ R-^r]{x)^-^/^\x - y(' 

\s\ < 4r]^'^/^R-\, 



where 



Vrj = -2(3xR-^r] 



(3.23) 

(3.24) 
(3.25) 
(3.26) 



(3.27) 



is the gradient of rj. Following [33], we set w{z) = v{z) — s ■ {z — x). By the definition 
of s, we have w{x) > w{z) for all z G E. Then 



v{x) - v{y) = "^Hx) - viy)) + t!^LjMs{x - y) 



viy) 



+ 



v{y) 
yjy) - yjx] 
viy) 



(3.28) 



iw{x) - w{y)). 



Consider first x such that R? — \x\'^ > ARh^. By (|3.24p . for any y such that a(x, y) > 0, 



viy) 



viy) 



(3.29) 



Since 



J2 ^-'^1^^^*^^'' ~ 

= ^a{x,y) 



vix) ( , . . vix) - viy) I 

v{x) — v{y)) H — s{y — x 



_r/(y)^"^'"^ "^^^^ ' r]{y) 

by (I32SI), and noting R-^r]-^/^h.^ < 1/4, we obtain 

'^a{x,y)iv{x) - viy)) 
y 

< (1 + ^2PR-^h,ri{x)-^IP) aix. y) 



+ s ■ bix), 



^(^) /^(^) _ ^(y)) + !M_niylsiy -x) + s- b{x) 



viy) viy) 

< P2^-^ [ aix, y)^ivix) - viy)) + + hoR)v'-^'^ R'^hl 



(3.30) 
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where we used (|3.23p . ()3.24p ()3.26p in the last inequahty. Moreover, recahing that 
u{x) > (because Iv{x) / 0), 

Y^a{x,y)^^{v{x) -v{y)) 



a>Q 
< 



v{y) 

^a{x,y) 

r]{x)Lau{x) + ^a(x,i/) 



ri{x){u{x) - u~^{y)) + (r/(a;) - r]{y))u{x) + (^(^)^^^^(^)) ^^^^ 



LaU>0 

< 2^a{x,y) 

y 



(r?(x) - 7]{y) - V7]{x){x - y))u{x) + M^1_M^^,(3;) 



v{y) 



— Vr]{x)b{x)u{x) 
< {2'^+' + boR)^W~^^''hlR-\ 



(3.31) 



where we used IK23\i . ([321]), and ([3:271) m the last mequality. Hence, by (l330]l 

and (|3.3ip . we conclude that 

holds in {x : R^ - \x\^ > ARh^J^{x) / 0}. 

On the other hand, if R^ - \x\^ < ARh^, then r]^/^ < Ahx/R. Thus by the fact that 
u{x) > 0, we have —LaV < v{x) < IQt]^^'^/ 1^ R^'^h^u. □ 



Proof of Theorem \3.1(k Since L^^ is a balanced operator {bo = 0) and /i^ = 1 in this 
case, by the above lemma, 

L^v > -C{(3)t]^-^/^R-^u 

for X G Br such that Iu{x) / 0, where C(/3) depends only on /3. Applying Theorem 13. II 
to V and taking /? = 2(i/p > 2, we obtain 



maxi; < C 

Br 



l-2//3^ 



< C(maxf) 

Br 



i-p/d 



u 



+ 



c 



p/d 

Br,P 



BrA 
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Hence 



and then 



maxv < C 

Br 



maxu < (1 - maxv < C{a,p,d) 

BaR BcR 



rd/p 



Br,P 



-d/p 



Br..P 



□ 



3.5.2 A new maximum principle and proof of Theorem ll.Sl fii) 

For any fixed environment a; G fi, let £q > be a constant to be determined, and 
define site percolation as in Section 13.31 Recall that for x G Z'^, is the percolation 
cluster that contains x and Ix is its /^-diameter. As mentioned in the introduction, 
the transience would not change if we considered the walk restricted to its jump times. 
Without loss of generality, we assume that uj{x,o) = for all x, P-almost surely. 

Recall the definition of □ and K-path for k G □ in Section 13.31 Note that under our 
assumption, maxj e^) > l/2(i, so we take = l/2(i in the definition of K-paths. 

For each k G □, we pick a site = y(x, k) G dAx such that 

d{x,yK) = max _ d{x,y) 

y:3 K-path in Ax 
from X to y 

and let A^; C Ax be the union of (the points of the) K-paths from x to over all k G □. 
From the definition of y^ one can conclude that 

• For any q gW^, we pick a At = Kg G □ such that 

qjKj < for all j = 1, • • • , d. 

Then (y^ — x)jqj < for all j = 1, • • • , d. Moreover, for i G {1, • • • , d}, qi > 
imphes y^- ei ^ Ax, and qi < imphes y^ + ei ^ Ax- 

In the sequel we let = inf{n > : Xn ^ Ax} and 

a{x,y) = P^{Xr^^ =y}. 



By the fact that X„ is a (quenched) martingale, it follows that La is a balanced operator. 
For the statement of the next theorem, recall the definition of E in (j3.22p . 
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Theorem 3.13. Let E cZ'^ be bounded. Let u be a function on E. If Lau{x) > —g{x) 
for all X E E such that Iu{x) = Iu{x, E,a) ^% , then 

maxn< > o(x)(2d)'^r +max'u. 

E - so \ Z^^^^>^ > ^ ) Eb 

Proof: Without loss of generaUty, assume g >0 and 

maxu = u(xrj) > maxu 

E Eb 

for some Xq & E. Otherwise, there is nothing to prove. 

For s eW^ such that |s|oo < [u{xo) — max^b 'u]/(ddiam£^), we have 

u{xq) — u{x) > S ■ {xq — x) 

for all x G E^ , which implies that m.six.^^^u{z) — s • z is achieved in E. Hence s G 
[jxeE^uix) and 



u{xo) — maxgf, u u{xq) — max^ja ■u"' 



C IJ Iu{x). (3.32) 

x&E 



d diam E d diam E 

Further, if s G Iu{x), we set 

w{z) = u{z) — s{z — x). 
Then w{z) < w{x) for all z G ^ and 

Iu{x) = Iw{x) + s. (3.33) 
Since for any q G lyj (x), there is k = Kg G □ such that 

Qjix - Vk)] > for j = 1, • • • , d, 

we have 

w{x) - w{yi^ ± Ci) > q{x - y„ T e^) > TQi- 

Moreover, for any i G {1, • • • , d}, if qi > 0, then y^ — ei ^ and we have w{x) — w{yi^ — 
ej) > \qi\- Similarly, if qi < 0, then y^ + Ci ^ and w{x) - w{yK + e^) > \qi\. We 
conclude that 

, , ^ '}2ya{x,y){w{x) - w{y)) 

\<li\ < -St • 

nnn{a(x,y„ ± ei)\ 
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On the other hand, from the construction of we obtain (noting that £ dA^) 



a{x,yn ± ei) > (^)'"^o- 



Hence, since La is balanced, 



hi < ^^y^aix,y){w{x) - w{y)) = ^^{-Lau) < ^-^g 
eo y £0 So 

for ah i. Therefore 

lUx) C [-{2dy-e^^g, {2dy^e^^gf. (3.34) 
Combining p.32p . (|3.33p and ()3.34p . we conclude that 

n(xo)-max^.^y^ y ^^^^^^^y. □ 
ddiam^ J - 

As with Theorem 13.101 we have a corresponding mean value inequality. 
Theorem 3.14. For any function u on Br such that 

LaU = 0, X e Br 
and any a G (0, 1), < p < d, we have 

maxn < C(^^^)^/n| [/^(2d)'l'^/-n+b,,„ 
where C depends on o", p and d. 

Proof: By the same argument as in the proof of Theorem 13.101 Lemma 13.121 and 
Theorem 13.131 implies Theorem 13.141 □ 

Having established Theorem 13.141 we can now prove the transience of the random 
walks in balanced iid environment with d > 3. 

Proof of Theorem \1.5\( ii): Let K be any constant > 4 and define B^,Ti as in Section 5. 
Let = {uj e n : < K''^ for ah x G 5*+^}. For any w G fi^, z G dB\ y G 5^"^ 
noting that P^^jvisit y before ri+2} := u{x) satisfies 



Lau{x) = 
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for X G B2Ki-i{z), by similar argument as in ()3.19p we have 

P|y^{visit o before rj+ijl^^gn, 

< max PJ{visit y before rj+2}la;en, 

< C7e-i[/2(2d)^^]'^p-{visit y before r,+2}||B,^,_,(.),i 

< Ceo'^\B'+Y^ J2 (2d)'^'^-P^{visit y before r^+s}, 

where in the second inequahty, we apphed Theorem 13.141 with p = 1 and used the fact 
that diami?2ic'»-i ^ 3K^~^ when uj € ilj. Hence 



XI -fe" a; {visit o in [r^, Ti+i)}l^gn,; 



< Ceo^|5^+2|-i ^ lf{2df^='EZ{# visits at B^-i before Ti+a) 

Lemma [379] , /r, • » — ^ r,, 

< Ceq'^K^^-'^^' Y1 (2d) (3.35) 

Since 

J2 -ffi'^'i^ {■visit o in [Ti,Ti+i)} 

< Yl visit o in [rj,rj+i)}l(^en. + ^IIoj^q^, (3.36) 

taking P-expectations on both sides of (j3.36p and using (j3.35p we get 

P°{visit o in [Ti,Ti+i)} < Ce^'^K^'^-'^^^Etf{2df^°+P{u i Qi]. 

By (|3.15p . we can take Eq to be smah enough such that Ell'^{2dY^° < oo and Yli^i ^ 
< oo. Therefore when d> 3, 



y^P°{visit o in [Ti,Ti+i)} < oo. □ 

3.6 Concluding remarks 



While Bouchaud's trap model (see |13[ [3]) provides an example of an (iid) environment 
where local traps can destroy the invariance principle, it is interesting to note that a 
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counter-example to Theorem II .51 in the ergodic setup also can be written. Namely, let 
d > 2, write for x G Z'^, z{x) = {x2,--- ,Xd) G Z"^^^. Let {e2}^gz<*-i be i.i.d random 
variables with support in (0, 1 /2) and set 

uix,e) = l ''' = ^'' (3.37) 

I (l-2£,(,))/2((i-l), else . 

It is easy to verify that {X^}t>o satisfies the quenched invariance principle, but that 
the limiting covariance may degenerate if the tail of £z is heavy. 



Chapter 4 



Einstein Relation for Random 
Walks in Balanced Random 
Environment 

In this chapter we will give the proof of the Einstein relation (|1.5p in the context of 
random walks in a balanced uniformly elliptic iid random environment. As mentioned 
in Section ll.4.3|, our proof consists of proving Theorem 11.71 and Theorem 11.81 

We will prove Theorem 11.71 in Section 14. li In Section 14.21 we will present our new 
construction of the regeneration times. Furthermore, we will show in Section [4.31 that 
these regeneration times have good moment properties. Section 14.41 is devoted to the 
proof of Theorem 11.81 using the regeneration times and arguments similar to [23l pages 
219-222]. 

Throughout this chapter, we assume the environment P is iid, balanced, and uni- 
formly elliptic with ellipticity constant n > 0. Recall that we have obtained in Section [3TT] 
an ergodic measure Q for the process u}{n). By the ergodic theorem, we get 

where D is the covariance matrix defined at the beginning of Section 11.4.31 
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4.1 Proof of Theorem 11.7 



Lemma 4.1. For any t > and any hounded continuous functional F on C([0, t], M°'), 
lim ^^aF(AX,m2;0 <s<t) = EF{Ns + Des;0 < s < t), 

A— >0 

where {Ns)s>o is a d- dimensional Brownian motion with covariance matrix D. 

Proof: We first consider tiie Radon-Nikodym derivative of tlie measure P^x with 
respect to P^j- Put 

Git, A) = G{t, A; X) := log [][! + • (Xj - X,_i)]. 

i=i 

Then 

E^xF{Xs ■.0<s<t) = E^F{Xs : < s < t)e^^^'^\ 
In particular, taking F = 1, we have 

£;^e^(*'^) = 1 (4.1) 

2 2 3 

for any A G (0, 1) and t > 0. Moreover, by the inequality a— % < log(l + a) < a— % + 



for a > 0, we get 



■ ' A£ • (Xj - Xj.i 



+ X^\t]H{X) 



A2 



(4.2) 



where the random variable H{X) = H{X;X.) satisfies < H < A/3. Setting h{uj) 
T.tMo,e.{)ll 



^{i-{X,-X,.,))'-2h{ux,^,: 



n>0 



is a martingale sequence with bounded increments. Thus P^^-almost surely, 

1 " 
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Further, by the ergodic theorem, P (S> P[^-almost surely. 



Urn ^ {£■ {Xj - Xj^i))^ = Hm ^ 2h{9^^-^uj) = ItEqh. (4.3) 
i=i j=i 

We deduce from (gS]) and (g^I) that 

gG(t/A^A) ^ exp[AX,/;,2 • i - tEgh + Ox,x. (1)], 

where Oa,x. (1) denotes a quantity that depends on A and X, and Oa,x(1) Pi^- 
almost surely as A — )■ 0. By Theorem I l.l} {XXg/x'^)s>o converges weakly (under P^^) to 
(A'^s)s>o. Hence for P-almost all uj, 

F{XX,/x2 ; < s < t)e^(*/^''^) (4.4) 

converges weakly (under P^) to 

F{Ns : < s < t) exp(iVt • £ - tEqU). 

Next, we will prove that for P-almost every w, this convergence is also in L^(P^). It 
suffices to show that the class (e*^^*/'^^''^^)Ae(o,i) is uniformly integrable under P^^, P-a.s.. 
Indeed, for any 7 > 1, it follows from (j4.2p and the estimate on H{\) that 

lG{t/\\\) 

( 2 _ \ \ 2 r */-^^ i 

<G(^/A^7A)+7'(^ + l)• 
Hence for 7 > 1 and all A G (0, 1), 

ii;,exp(7G(t/A2,A)) < e^'(*+i)i?, exp(G(t/A2,7A)) e^"^'+'\ 

which implies the uniform integrability of (e'^^*'''*'^'''*^)Ae(o,i)- So the L^(Ptj)-convergence 
of (j4.4p is proved and (for P-almost every uj) we have 

lim^£;^AF(AX^/A2;0 < s < t) 

= lim E^F(AX,/A2;0 < s < t)e^(*A''^) 

= E[F{Ns : < s < t) exp(iVt • i - tEqh)] . 
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The lemma follows by noting that tEgh = E{Nt • £)^/2 and that, by Girsanov's 
formula, 

E[F{Ns :0<s<t) exp{Nt ■ £ - E{Nt • if/2)] = EF{Ns + D^s; 0<s<t). 

□ 

Lemma 4.2. For any A G (0,1), t > 1/A^,p > 1 and any balanced environment co, 

E^xmax\X,\P<Cp,diXty. 

Here we use Cp,d to denote constants which depend only on p and the dimension d, and 
which may differ from line to line. 

Proof: Since the drift of uj'^ at X„, n G N, is 

- Xn\Xn) = a;(X„,e)(l + Ae • l)e 

|e|=l 

d 

= A^2tj(X„,ei)£iej := \d^{Xn), 

i=l 

we get that 

n 

Yn:=\Y,d^iXi-i)-Xn (4.5) 

i=l 

is a P^A -martingale with bounded increments. By the Azuma-Hoeffding inequality, we 
get that for any p > 1, 

E^A max < Cp,dvP'^. 

l<i<n 

Hence 

E^x max \Xi\P < 2P{E^x max \Yi\P + A^n^) < Cp^a^PnP 

l<i<n l<i<n ' 

for any n > 1/A^. The same inequality is true (with different Cp^d) if we replace n S N 
with any t G R such that t > l/A^. □ 

Proof of Theorem Note that Lemma l4.ll implies that \X1i\2 (under the law 
P^a) converges weakly to Nt + Dut as A — t- 0. When t > 1, the uniform integrability 
of {\X^|x2)\^(fi^l) under the corresponding measures P^^a, as shown in Lemma then 
yields that this convergence is also in L^. □ 
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4.2 Regenerations 



4.2.1 Auxiliary estimates 

For the rest of this section, we assume that £i = £ ■ ei > 0. Let 

so that 0.5/Ai is an integer. Note that 

1 1 1 



2A^i - 2Ai 2A^i 
For any n G Z, a; G Z'', call 

= H^(A, £) := {yeZ'':{y-x)-ei = n/Ai} 

the n-th level (with respect to x). Denote the hitting time of the n-th level by 

T„ = Tn{X.) := mf{t >0:{Xt- Xq) ■ ei = n/Ai}, n G Z. 

Also set 

T±o.5 ■■= mf{t >0:{Xt- Xq) ■ ei = ±0.5/Ai}. 

Since ii > 0, the random walk is transient in the ei direction. Thus (r„)„>o are finite 
A -almost surely. 

Proposition 4.3. For any n,m E Hi^ and any balanced environment lo, 

1 — 

where qx := (i^)^/^^. 

Proof: Observe that the jumps of (X„ • ei)„>o are lazy random walks on Z, with the 
ratio of the probabilities of left-jump to right-jump equals (1 — X£i)/{1 + X£i). Hence 
for i,j G Z+, 



1 _ (hzMi)j 
^ y i+xei > 



where ■= inf{n > : (X„ — Xq) ■ ei = k},k e Z. The proposition follows by noting 
thatT„ = f;/;,,. □ 
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Lemma 4.4. For all \ G (0,1), t > 0,rn- G N and any balanced environment oo with 
ellipticity constant n G (0, l/{2d)), 

Proof: First, note that if Z is a real- valued random variable with zero mean and 
supported on [— c, c], then for 6 > 0, Ee^^ < exp(^0^c^). (By Jensen's inequality, 
< ^^e^'^ + ^^e"^'^. Taking expectations on both sides gives the inequality.) 
Recall the definition of Yn in ()4.5p . Since Yn ■ ei is a P^a -martingale with increments 
bounded by 2, for 9 > 0, 

E^x{e^^-+'-'^X,,i<n) 

= e'''--'^E^4e'^^"+^-^->'^\\X„i <n]< e'^--'^+^'\ 

Hence 

exp [OYn ■ ei - 2n6'2) 
is a P^^A-supermartingale. By the optional stopping theorem and ellipticity, 

1 > E^x explOYr^ ■ ei - 2T^e^] 
> E^, exp[9i2Xi^KTm -Xt^-ci)- 2Tme\ 

Letting 9 = kA£i/2 in the above inequality and noting that Xt^ • ei = m/Ai, we obtain 

1 > E^\ exp {{K\tifTra/2 - KA£im/(2Ai)) 

> E^\ exp(K^AiTm/2 — Km), 
where we used Ai < Xli < 2Ai in the second inequality. Hence by Holder's inequality, 

E^, exp(K2A2T^/(2m) - k) < 1. 

Therefore, 

Proposition 4.5. There exists a constant Cq = Co(k, c?) > such that 

P^x( max IXJ > Co/Ai) < 0.5. 

0<s<Ti 
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Proof: By Lemma 14.21 and Lemma 14.41 for any m > 1 , 

P,,x( max \Xs\ >m/Xi) 
o<s<ri 

< P^^{Ti > ^M/>'^) + Pc.^{ max \X,\ > m/Ai) 

0<s<v^/Af 

which is less than 0.5 if m is large enough. □ 

Lemma 4.6. There exists a constant ci G (0,1] such that for any A G (0,1), x G Z'^ 
and balanced environment u, 

p:.{Xt. = •) > c,P^t'-''^/'\XTo., = -iTo.s < r_o.5). (4.6) 

Proof: For any G Z*^, let 

■■= {yGZ'^: (y-x) -61=0.5^1}. 

Fix w G . Then the function 

f{z) := P^\{X. visits Hf for the first time at w) 

satisfies 

i^A/(z) =0 

for all z £ {y : {y — x) ■ ei < 1/Ai}. By the Harnack inequality for discrete harmonic 
functions (See Theorem IA.3I in the Appendix. In this case a = uj^,R = 0.5/Ai and 
^0 < there exists a constant C2 such that, for any y,z £ 'Hq^ with |-z — y| < 0.5/Ai, 

f{z)>C2f{y). 

Hence, for any z G T^g.s such that \z — {x + 0.5ei/Ai)| < Cq/Ai, we have 

/(^) >Cf»/(a; + 0.5ei/Ai). (4.7) 

Therefore, 

PJ. {Xt, =w)> O (^^0.5 = y)Pl. (^To.5 = w) 

\y-x\<Co/\ 



> CP:,{\Xt,,,-x\ < Co/Ai)PJ+°-''^/'^(Xto. 



5 



w 
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where in the last inequahty we used the facts that (by Proposition 14.5 

1 



and 



p:.{\Xt,,,-x\<Co/\i)> ^ 



p:t'-'''"'\T,.,<T.,.,)>\. □ 



4.2.2 Construction of the regeneration times 

Let 

= PT'^'^'^i^To., = -1^0.5 < T_o.5). 

Recall that ci is the constant in Lemma 14.61 For any /3 G (0, ci), we set 

Then by (j4.6p . both fi^^ ^ and fj,^^ ^ are probability measures on Hq^ and 
P^,{Xt, =u) = Pfil^^.iu) + (1 - 
For any O G ct(Xi,X2,. . ■,Xt^),x G Z'' and i G {0,1}, put 

^= E [^^:^M(y) + (1 - ^)^:^o(y)]O(0|^T. = y). (4.8) 
Notice that under the environment measure P, 

is independent of (T{ujy : y ■ ei < x ■ ei). 

We will now define the regeneration times. 

We first sample a sequence (ej)i^i G {0, 1}^ of iid Bernoulli random variables ac- 
cording to the law Qp defined by 

Qp{ei = 1) = /3 and Qp{ti = 0) = 1 - /3. 
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Then, fixing e := (ej)^ 
Figure SH). For xeZ'^, 



set 



we will define a new law P^x ^ on the paths as follows (see 



O,e(^0=x) = l. 



Assume that the P^x ^-law for finite paths of length< n is defined. For any path (xj)" 
with xq = X, define 

-Pt^A^^(-'^n+l = Xn+1, . . . , Xo = Xo) 
:= = Xl,...,Xo = Xo)u^i^^^{Xn+l-I = Xn+l,...,Xi =Xl+i), 



J = J{xo, ...,Xn):= max{j > : -Hj" n {x^, < i < n} / 0} 
is the highest level visited by (xj)"^Q and 

/ = /(xq, . . . , Xn) := min{0 < i < n : Xi £ ^ j°} 

is the hitting time to the J-th level. By induction, the law P^x ^ is well-defined for paths 
of all lengths. 



Note that a path sampled by P^^ is not a Markov chain, but the law of X. under 



where 




O 



Go to the next level, following law i^uj^,0 



Go to the next level, following law 



Figure 4.1: The law P^a ^ for the walks. 



P: 



coincides with . That is, 



P^x{Xe-) = P^x{Xe-). 
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Denote by Pa = Pa,/? ■= P ^i^^,l3 '-'^ triple (w,e,X). Expectations with 

respect to P^x and Pa are denoted by E^^ and Ea(= ^x^p), respectively. 

Next, for a path (X„)„>o sampled according to P^x ^, we will define the regeneration 
times. See Figure [^?2] for an illustration. 





Keep walking until reaching a level where the coin is "1" 




f 




Proceed to the next level (following ^u^^i) and ask: 

will the path backtrack to the previous level in the future? 


N 


r 

Get a regeneration 



Figure 4.2: The definition of a regeneration time. 
To be specific, put Sq = 0, Mq = 0, and define inductively 

Sk+i = inf{r„+i : n/Ai > and e„ = 1}, 
Rk+l = Sk+1 + T_i o 6'5j._^^, 

= Xs^+, -ei + No 9s,+, , k > 0. 
Here 9n denotes the time shift of the path, i.e, 6nX. = {Xn+i)^Q, and 
N := inf{n/Ai : n/Ai > {X, - Xq) ■ ei for all i < r_i}. 

Set 

K := infj/c > 1 : S'fc < oo, = oo}, 
Ti := Sk, 

Tk+l = Tfc + n O Or^^ . 

We call (Tfc)fe>i the {/3-)regeneration times. Intuitively, under P^x, whenever the walker 
visits a new level 7ii,i > 0, he flips a coin e^. If = (or 1), he then walks following 
the law I'^x Q (or i^^x i) until he hits the {i + l)-th level. The regeneration time ri is 
defined to be the first time of visiting a new level T-lk such that the outcome ek-i of the 




4.2.3 The renewal property of the regenerations 

The regeneration times possess good renewal properties in the following sense: 

1. Since the ratio of the probabilities of left-jump and right-jump of the lazy random 
walks {Xn • ei)n>o (in Z) is (1 — X£i)/{1 + A^i), the law of {Xr„ • ei)„>i does not 
depend on the environment oj. (Indeed, if we only observe the chain (X„ • ei)„>o 
at the times when it moves and forget about its laziness, we get a random walk 
on Z with probabilities (1 — Xii)/2 and (1 + Xii)/2 of jumping to the left and to 
the right, respectively.) Furthermore, under -P^a, the inter-regeneration distances 
(ei -Xr-^ o9j-„ in the direction ei are iid random variables which are independent 
of Xj--^ ■ ei, and 

P^x{ei ■ Xr, o G .) = Pu>^{Xr, • ei G -iT^i = oo),n > 1. 
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2. For A; > 0, define 



Sk+i ■■= mf{r„ -.n/XyMk and e„ = 1} 



h+l := Tfc + fi o a 



Note that for A: > 1, 



Sk = Sk + Tio 6*5 



X^j^ • ei = Xf^^ • ei + 1/Ai. 



Conditioning on X^^. = x, the law of X^f, is ^i^x which is independent (under 
the environment measure P) of cr{ujy ■ y ■ ei < x • ei). Moreover, after time r^, 
the path will never visit {y : y • ei < x • ei}. Thus the movement of the path after 
time Tfc is independent (under P;^) of (X„)„<fj., and therefore, we expect 

(no6'^Jfc>i 

to be iid random variables under W'x. See Proposition 14.81 for a rigorous proof. 

3. Although the inter-regeneration distances (X^^ o6'rfc)fc>i and (fi o^^^)fc>i are both 
iid sequences, the inter-regeneration times (ri oOr,.)k>i are not even independent. 
However, letting 



we can show that for every k > 1, is bounded by a constant plus an exponen- 

tial random variable. So is much less than ri o 0^^, which is roughly C/dSXf) 
(as will be shown in Proposition 14.12] ). In this sense, the inter-regeneration times 
Ti o Or^. are almost iid if /? is sufficiently small. 

The rest of this subsection is devoted to the proof that (fi o 9r^)k>i are iid (Proposi- 
tion l4.8p and that A^'s are dominated by iid random variables of sizes (Proposition 



Ak := Ti o Ox. 



Tk - fk for A; > 1, 



KB- 



We introduce the cr-field 
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Lemma 4.7. For any appropriate measurable sets Bi,B2 and any event 
B := {{Xi)i>Q G Bi, iujy)y.ei>-i/\i e B2}, 

we have, for k > 1, 

¥x[Boy \C,k) \f>y frr v\ " 

EpUZy ^^uj\i{y)Puj^{T_i =oo)J 

Here On is the shift defined by 

Bo9n = {{Xi)i>n G Bi, {ujy)(^y_x„).ei>-l/Xi ^ B2}. 

Proof: For simplicity, let us consider the case A; = 1. We use 9^ to denote the shift 
of the e-coins, i.e., = (ej)j>„. For any A G Qi, 

fxiBoOr^nA) 

= Ep^Q^ [ Pu^\e{A n {Sk <oo,Rk = 00, Xg^=x}nBo Os^)] 

k>l,x 

= Ep^Qp [ Yl ^^'A^ ^ i^i^ < ^s, = ^}K\ii^T, =x + y) 

k>l,x,y 

xP^^+^,^,^(5n{T_i=oo})]. 

Note that in the last equality, 
is (j{{€i)i<k, (w2)(2-x) ei<o)- measurable, whereas 

=x + y)P^J:l,^,^{B n {r_i = 00}) 

is cy{{^i)i>k+i-:{^z){z-x)-ei>o)' measurable for y G Hf. Hence they are independent 
under P ® Qp and we have 

Pa (5 o Or, n A) (4.9) 

= Y,^x{Afy{Sk<^})Ep[Y^ u^.^, {Xt, = y)Pl, {B n {r_i = 00})] . 
fe>i y 
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Substituting B with the set of all events, we get 

Fx{A) = Y,^x{An{Sk < ^])Ep[Y^^L^.^MPl.{T-i = oo)]. (4.10) 

k>l y 
and KW]i yield that 

E4J:,,^.,(y)P^UT-.=o.>] ■ 

The lemma is proved for the case k = 1. The general case k > 1 follows by induction. 
(The reasoning for the induction step is the same, although the notation becomes more 
cumbersome.) □ 
The following proposition is an immediate consequence of the lemma. 

Proposition 4.8. Under T\, fi, fi o 0^^, . . . , fi o 0^^, . . . are independent random vari- 
ables. Furthermore, (fi o 9r^)k>i are iid with law 

_ i?p[E,Mc.M(y)^!A(Ti G ^T^i =oo)] 



PA(ri 



^p[E,M..M(y)^^^(r-i = oo)] 

Note that the inter-regeneration times (ti o 9r^)k>i are not independent. However, 
the differences between ti o 9^^ and fi o , A; > 1 are controlled by iid exponential 
random variables. 

For any X G Z'^, t > , 

i^:.,i(A?ri>t) 

y 

mil , ^ 

< ^T' E O i^n = y)P:. (A?ri > t\XT, = y) 

y 



1 o Lemma I-i.t:, ,2/0 

cr^P:.(A?Ti>t) < 2c[^e-'^"l\ 



Hence for fc > 1, 



P^x^,{\ll^k > t\Xi,i< n) = ^J'li^^lTi >t)< 2cr'e-*'= /\ 

which implies that Af is stochastically dominated by an exponential random variable 
(with rate k^/2) plus a constant C2 := 2k~^ log(2/ci). Thus we conclude: 
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Proposition 4.9. Enlarging the probability space if necessary, one can couple {Ak)k>i 
with an iid sequence {^k)k>i such that each is the sum of C2 and an exponential 
random variable with rate and that 

A?Afc < Ck, for all k > 1. 

Therefore, for any n> 1, 

n—l n—1 n 

fi + ^ fi o 0^. < r„ < fi + ^ fi o Q^. + ^ ^i/A?. (4.11) 

j=i 1=1 1=1 

4.3 Moment estimates 

Throughout this section, we assume that 

ei > 0. 

Set To = 0. We will show that the typical values of e\- X\o 9^^ and t o Or^., k > are 
C/{PX) and C/iPX'^), respectively. 

Theorem 4.10. Let co be an elliptic and balanced environment. If X > and /3 > are 
small enough, then 

E^x exp(^AiX^, • ei/2) < 12. 
Proof: For < A; < if - 1, set 

Lk+i = inf{n > XiMk : e„ = 1} - XiMk + 1. 
Then Li is the number of coins tossed to get the first '1' and 

■ ei = Li/Xi. 

Moreover, for 1 < /c < AT — 1, let 

Nk = Noes,. 



Then 
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So 

K K-l 
i=l i=l 

First, we will compute the exponential moment of Lj,i < K. Since (Lj)j>i depends 
only on the coins (ej)j>o, it is easily seen that they are iid geometric random variables 
with parameter /?. Hence for i > 1 (noting that (1 — /3)e^/^ < e~^l'^ < 1), 



71=0 

If /? > is small enough, we have 



-E^A [e^-^'/2] < 3. (4.13) 

Next, we will compute the exponential moment of Ni,i < K — 1. By Proposition 
■ 31 putting 

px := P^x{T^i = cc) = 1 - qx, 



we have 



P,A(7V=(n+l)/Ai) 

= 0(r„ <r_i <r„+i) 



i-g^' i-'zr' (i-<zr')(i-gr^ 

Observe that conditioning on K, [Ni)i<i^K are iid under P^\. Hence 

P^x(Ni = (n + l)/\i\K >i) = P^x{N = (n + 1)/Ai|r_i < oo) 



{l-qr'){l-qT') 
and 

1 — eP'^qx 

Noting that limA-s>o Qx = we can take both A and (3 to be small enough such that 

E^x[e^^'^^^^\K >i]<^. (4.14) 
' ' ' Aqx 
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Finally, note that, under = Q/^ <S> P°x ^, K is a geometric random variable with 
success parameter px, and {Li)i<i<K and {Ni)i<i<K are iid sequences when conditioned 
on K. Therefore, by KT2\i . KTSh and Kl^ . 

_ oX °° on+l 

E^. exp(/3AiX., . ei/2) < K^J^^^ = Ej^QxPx < 12 

if both /?, A > are small enough. □ 
Corollary 4.11. For t>l and small enough A, /3 > 0, 

0(/3A?Ti >t)< Uexp{-K'^Vt/4). 
Proof: By Lemma 14.41 and Theorem 14. 10^ 

P^xi/3Xln>t) 

< P^.{p\lT^^,ip-^ >t) + P..(Tp^/^^ < n) 

< 2exp(-^^-^=^^^) +P,.(r^/t//31/Ai < X., • ei) 

It follows from Corollary 14.111 and Lemma 14.71 (and noting that P(^a(T_i = oo) = 
Px > 1/2) that, for k>l, 

FxWXIti o >t)< 28exp(-K2^/t/4). (4.15) 

Hence by Theorem 14. 10( Corollary 14. 1 1 1 and (14.150 . we conclude that, for any p > l,k > 
0, there exists a constant C{p) < oo such that 

Ex{/3Xlnoer,y<Cip), (4.16) 
Ex{f3XiXr,o9r,r <C{p). (4.17) 

Moreover, since P^-almost surely, 

vx-ei= hm , 

by (j4.1ip and the law of large numbers, we have 



EA[no0,J+Ea/Af - ^ ]EA[flO0,J 



Proposition 4.12. When A,/3 > are small enough, 
Proof: By the definition of Lj,i > 1, we get 
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EaItio^^J > — . (4.19) 



Ex[ei ■ X^, o 9,^] > ExLi/Xi > (4.20) 



On the other hand, Lemma 14.21 implies that 

\vx\ < CX for all A € (0,1). 
This, together with and (OOjl . yields 



pxl 

Recalling (see Proposition 14. 9p that E^i is an exponential random variable with rate 
K^/2, ()4.19p then follows by taking /3 sufficiently small. □ 
Note that, by (|i38D andHUl 

rP,^ < (1 + C^)Ll^'^ < CX. (4.21) 



4.4 Proof of the Einstein relation 

Lemma 4.13. Assume i- ei > 0. Then when (3 > and A > are small enough, there 
exists a constant C such that 

XtxTn X 

Proof: For n > 2, since 

EaX^„ • ei ^ {n-l)Ex[ei-Xr,oer,] 

ExTn - IaTi + (n - 1) (EA[fi o + Eil/Xfj ' 

and 

EA^r„ • ei ^ Ea^^i •ei + (?^-l)EA[ei-X^, og,J 
Eat, - (n-l)EA[fio0,J 

by the moment bounds (j4.16p . (j4.17p . (|4.19p and (I4.20p . we have (for small (3 and A) 
C/(n - 1) + 1 - AEAr„ " n - 1 A ' 



C 

<Cl3+— for all n > 2. 
n 
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Hence when /3 > and A > are small enough and n > 2, by ()4.18p 
1Ea^t„ • ei vx- ei 



AEAr„ 



The lemma is proved. 



A 



C R^'^ 
< + 



n-1 A C/(n -1) + 1 



L^A/X JMD c 



n — 1 



□ 



Lemma 4.14. Assume I ■ ei > 0. Let an = an{f3,X) := Eat„. T/zen when (3 > and 
A > are small enough, 



ExXr„ ■ ei EaX„„ • ei 



Aon Aa^ 
Note that, by (1^61) and KT9^ . 

Cn 



< 



n 



C 



for all n G N. 



<an< 



C(l)n 



Proof: Assume that both A and f3 are sufficiently small. 
First, for any p £ (0, 1), 



n I 1|t„— a„|<pa„] 

Lemma 14. 21 

max |Xs-Xq,„|] < CpX 

(l-p)o„<s<(l+p)o„ 



Or, 



Second, 



< ^Jm\{X^„ - XrJ ■ ei|2]P;,(|r„ - q„| > pan) 

Lemma 122] ll4A7t 



< C7n(/3A)- YPa(|7:„ - a„| > pan). 

Furthermore, we can show that 

^x{\Tn - an\ > pan) < C/{np^). 

Indeed, put 



n-1 
n + ^ fl O I 
i=l 



and Bn := An + ^i/'^i- Then by ()4.1ip . we have An < Tn < Bn- Thus 
An - ^xAn - Cn/\^ < r„ - a„ < 5„, - + Cn/A^. 



(4.22) 



(4.23) 



(4.24) 



(4.25) 
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Hence, by (j4.22p and by taking /3 > small enough, we get 



r„ - a„ > pan) < ^x{Bn - ExB^ > pa„/2) 
Var B„ 



< 



and 



(P«n/2) 



Tn-an< -pan) < ^x{An - EaA„ < -pan/2) 

Var A„ 



< 



{pan/2) 



Since (recalling Proposition 14.8 



Him 



Var An = Var n + (n - 1) Var n o 9^^ < Cn{f3X^) 



2\-2 



and 



Vai Bn < 2(Varyl„ + Var(^^/A?)) = 2VarA„ + Cn/Af < Cni/SX^)-^, 
we conclude that 



1=1 



fx{\rn - «n| > pan) < ^J^^^^^V < 

{pan/2)^ 

This completes the proof of (j4.25p . 

Finally, combining (14231) . (14241) and (1425]) . we obtain 



The lemma follows by taking p = 



Aa„ 



< Cp + 



□ 



Proof of Theorem \1.8i 

First, we will show that when A € (0, 1) is small enough, for any t > 1, 



^xXt/x2 - ex vx- ei 



t/X 



A 



< 



C 



(4.26) 



Note that if £ • ei = 0, then (X„ • ei)^Q is a martingale and ^x^n • ei = f a • ei = for 
all n. Hence we only consider the non-trivial case i ■ ei ^ 0. Without loss of generality, 
assume £ ■ ei > 0. 



By Lemma [4.2t the left side of (j4.26p is uniformly bounded for all t > 1 and A G (0, 1). 
So it suffices to prove (I4.26|) for all sufficiently large t > and sufficiently small A > 0. 
When t > is sufficiently large and A > is small enough, we let 



/3 = m = t 

and set n = n{t, A) be the integer that satisfies 



-1/5 



t 



By (|4.22p . the existence of n(t,A) is guaranteed. Moreover, 



Since 



< 



Aa„ 
1 ^ 



t/\ 



Aa„ 



A|X„„-X,/,2|+E,|X,/,|(J--i) 



< 1 E4 max +Ea[ max l^.|] ^^^^ ° f"^ : 

Attn a„<s<a„+i 0<s<Q!„+i (Aanj 



by Lemma 1121 ([4T6]) and (1422]) . we obtain 



Aa^ 



i/A 



< — . 

n 



(4.27) 



(4.28) 



Combining Lemma 14.131 Lemma 14.141 and the above inequality, we conclude that if t is 
sufficiently large and A > is sufficiently small, then 



^xXt/x2 • ei vx- ei 



t/X 



Here we used (|4.27|) and (|4.28|) in the last inequality. (|4.26|) is proved. 

The same equality for the remaining directions 62, 63, . . . , can be obtained using 
the same argument. Our proof of Theorem 11.81 is complete. □ 
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Appendix A 



A.l Discrete harmonic functions 

The purpose of this chapter is to present the proofs of the maximum principle and 
the Harnack inequality (Theorem IA.3P for discrete harmonic functions. The Harnack 
inequality was used in Section 14.21 (in the proof of Lemma 14. 6p to construct the regen- 
eration times. These inequalities are due to Kuo and Trudinger |32j . 

For the purpose of self-containedness, we will give the complete proofs of these 
estimates. We follow the arguments in [32], adding to it some extra details. 

Recall the definitions of o, Lq, b and bo in Section 13.5.11 We consider discrete 
difference operates La such that 



y 

and a{x,y) > only if |x — y| = 1, denoted x ~ y. We assume that La is uniformly 
elliptic with constant k € (0, that is, 



For r > 0,x eW^, let Br{x) = {z e Z'^ : \z - x\ < r}. We also write Br{o) as Br- 
A. 1.1 Maximum principle 

For any bounded set E C Z"', let dE = {y G E'^ : x ~ y for some x G E}, E = E[j dE 
and diamE = max{|x — y|oo '■ x,y £ E}. 




cl{x, y) > k for any x, y such that x ~ y. 
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Theorem A.l. J32] Theorem 2.1] Let E <Z be bounded and u be a function on E. 
For X G E, define 

Iu{x) = {s G M'^ : u{x) - s - X > u{z) - s - z,\/z G E}. 

If 

Lau{x) > -g{x) 

for all X G E such that Iu{x) = Iu{x, E, a) / 0, then 

max n < C diamf £') f Iql'^)^^'^ + max.u, 

E - V /V ^ 1^1 y dE 

where C is a constant determined by d,K and bodiauiE. 
Proof: Without loss of generahty, we assume g > and 

maxu = u(xo) > max it 

E dE 

for some xq £ E. Otherwise, there is nothing to prove. 
For s G M*^ such that 

l^loo < [u{xo) — maxn]/((idiam£') 

dE 

=: R = R{u,E), (A.l) 

we have 

u{xo) — u{x) > s ■ {xq — x) 

for all X G dE, which implies that max^g^ u{z) — s ■ z is achieved in E. Hence s E 
UxeE Iu{x) and the cube 



Qr := {x : |x|oo <R} C [J Iu{x). 



xeE 

For any p G R*^, set 

/(p) = (N'/'-' + 

where /i > is a constant to be fixed later. Since for any x G E, Iu{x) C M'^ is bounded 
and closed, we can choose px € Iu{x) so that 

\px\ = min \p\. 

P&Iu(x) 
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Then 



f{Px) = max f{p). 



Thus 



/ fis)ds< [ fis)ds< Yl f(P^)\U^)l (A-2) 

where denotes the Lebesgue measure of Iu{x). 

Further, we wiU show that, for any x £ E with /n(x) 7^ 0, 

\Iu{x)\ < (2/K)'^[<7(x) + 6(x>,f. (A.3) 

To this end, we fix an x G S with Iu{x) / and set 

w{z) = u{z) — px{z — x), \/z £ E. 

Then w{x) > w{z) for all z G £^ and 

Iu{x) = Iw{x) +Px- (A.4) 

Since for any q G /^(x) and i = 1, . . . ,d, 

w{x) - w{x ± Ci) > =Fgi, 

we obtain (by ellipticity and by 'w{x) > 'w{z), \/z G E) 

< kI^Ioo < ^ 0(2;, y){w{x) - w{y)) 
y 

= -LaU + b{x)px 

< g{x) + b{x)px. 



Hence 



and 



T r \ ^ T-9{x) -b{x)px g{x) + b{x)pxnd 



^ < {2/K)%{x) + b{x)pxr 



(|A.3P is proved. 
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(|X3]) and ([CT yield 

Since by Holder's inequality, 
we get 

/ mds<{lr [i'-^r+\b{^)n- (a.5) 

On the other hand, by Holder's inequality. 



Thus 



/ f{s)ds> [ f{s)ds>2'-'' [ {\s\'' + /yUi 
JQr. Jbr Jbr 



= 2^"''^\og[{^Y + ll (A.6) 

where Od is the area of the unit sphere in R*^. 

Finally, combining (jA.SP and ()A.6P and putting 

we conclude that 

rf-2'^^log[(-)'^ + !]<! + (6odiam^)'^. 
a ji 

Recalling the definition of i? = R{u,E) in (]A.ip . the theorem follows. □ 
By the same argument as in the proof of Theorem 13.101 (Section [3.5 . 1 p . Theorem lA.il 
and Lemma 13.121 imply 

Theorem A. 2 (Mean-value inequality). For any function u on Bn such that 

LaU > 0, X e Br 
and any a £ (0, 1), < p < d, we have 

maxu < Cllii^lls^^p, 
where C depends on a,p,K,d and boR. 
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A. 1.2 Harnack inequality 

Theorem A. 3 (Harnack inequality). 13^. Corollary 4-5] Let u be a non-negative func- 
tion on Bji, R > 1. If 

LaU = 

in Bn, then for any a € (0, 1) with R{1 — a) > 1, we have 

maxn < C minu, 
where C is a positive constant depending on d, k, a and h^R. 
Lemma A. 4. Suppose u is a non-negative function on Bn that satisfies 

LaU < 

in Br. Then for any a < t < 1, 

minii > Cminn, (A.7) 
where C depends on k, d, a, r and boR. 

Proof: Recall the definition of rj = rjii{x) in Lemma 13.121 We will first show that 
there exists a constant /3 = (3{a, b^R, k) such that 

LaTi > - (2'5 + in Br \ B,R. (A.8) 

If i? - 1 < |x| < i?, then r/(x) < {2/RY < 2^R-^ for ^9 > 3. Hence for /3 > 3, 

LaV >-V> -2^R~^- 

If aR < |x| < i? — 1, then y E Br for all y ~ x. For i = 1, . . . , the third derivative 
D^Tj of 7] with respect to Xi satisfies 

\Dlr]\ = |4/3(/3 - l)x,i?-V"^^^[3(l - \x\^/R^) - 2(/3 - 2)xf/i?2]| 
< 4/3(/3- l)(2/3- l)i^-^ 

and so, by Taylor's expansion, 

1 8 

Tfix + e) - r/(x) > Vrjix) ■ e + -e^D'^r](x)e P^R^'^. 

2 6 



Thus 

LaVix) = ^ a(x, e){ri{x + e) - r]{x)) 

e 

> Vrj ■ b{x) + ^ ^ a{x, x + e)e^ D'^r]{x)e - 

Noting that 



2 

e 



(3:Tri .n<i 

and, for aR < |x| < i? — 1, 

a(x, X + e)e^ D'^r]{x)e 

e 

d 

= ^(a(x, X + ei) + a(x, x - ei))Diirj{x) 
1=1 

= 2(3R-W-'^^ E («(^' ^ + + «(^' ^ - ^*)) (^^^^T^ - (1 
1=1 

we have 

LaV > [4k(/3 - l)fT^ - 1 - 2boR]R-W'^/^ - ^I3^R~^- 
Hence (jA.SP also holds for aR < \x\ < R — 1 if we take 

(lA.Sp is proved. 

Next, let mo- := mins^^ u and w := mo-r/ — li. Then 



maxti; > (1 — r )^mo- — nir- 

BtR 



Since w < in B^jji |J and 



LaW > -{2^ + p^)m,R-^ in Br/B^r, 
we get by the maximum principle that 

maxw < Cim(jR~^ , 

Br 
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where Ci depends on K,d,a and bgR. By ()A.9P and (jA.lOp . 



[(1 - ry - ^]m^ < mr. 



Therefore, (IA.7P holds if R satisfies 

2Ci 



R > 



(1-t2)/3 ' ^" 



For R < Tj^^jW) it follows by iteration (noting ku{x) < u{y) for x ~ y) that 



()A.7P is proved. □ 



For any z £ Z'^ and any n = (ni, . . . , nd) G N'^ , we let 

d 



N{z, n) := {z + JJ[0, m - 1]) n Z*^. 



We say that N{z,n) is nice if n satisfies maxjj |nj — n^l < 1. Call | TijoQ the length of 
the nice rectangle N{z,n). Intuitively, a nice rectangle is "nearly a cube". 

Proposition A. 5. Let u be a nonnegative function on Bji,R > such that 

LaU < in Br. 

Suppose r G (0,i?/7\/d] and N = N{z,n) C Qr is a nice rectangle in Q,-. Then there 
exists a constant 5 = 5{d, K,bQR) G (0, 1) such that, i/F C Bfi satisfies 

|FniV| > 5\N\, 

then 

minii > C minn, 
TV' r 

where N' = {z + HiLi 2"-* — 1]) n Z'^ and C depends on k, d, a, r and boR. 

Proof: When \n\^ = 1, is a singleton, and the proposition follows by iteration 
(noting that u{x) < nu{y) for any x ~ y). So we only consider the case when the length 
of is > 2. 
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N' 



Figure A.l: iV is the rectangle in the center. Bfi{ON) is the small circle. 

Denote the center of by Ojv = z + • • • , G {^Zf. Setting h 

minjnj/2, we have 

Since h > > we have 

Suppose for some S G (0, 1), 

|rn ATI > d\N\. 

Let UT =■ minr u and 



V =: ur — u, 
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then LaV < and v~^\r = 0. By Theorem lA. 21 

max V < C-, 7 

B.MO.) \B,\ ^^^^ 

\BfdON)\T\ 

< C j j max V 

\Bh\ Bh(ON) 

\Bh\>C\N\ \N\T\ 

< C — I — j — max V < C2(l — 5) max v, 

\N\ B^{On) Bu{On) 

where C2 depends on n^d and hoR. Taking 5 = 6{k, d,boR) big enough such that 
^2(1 - <5) < 1/2, we get 

1 

max V < — max v. 

B^MOn) 2 Bh(Ojv) 

Hence 

ur — mm u < —iur — mm u). 

BhMOn) 2 Bh{Oiv) 

Therefore, noting that (since r < R/7Vd) B^^i^{On) C -B_r, 



Lemma [A. 41 

tir < 2 min u < C min u < C min u, 

Bh/2(On) B^^^iO^) N' 

with C depending on k, d and b^R. □ 



Lemma A. 6. Let u he a nonnegative function on Br, R > such that 

LaU < in Bn. 

Let r G (0, i?/7\/(i]. Then for any T C Qr, there exists a subset D F of Qr such that 
either Tg = Qr or \Ts\ > 5^^\T\ holds, and 

minti > 7minii. 
r 

Here the constant 7 depends only on k, d and b^R, and 6 is the same as in Proposition 
[XI 

Proof: We wih construct Ts through a cube decomposition procedure. 
Observe that any nice rectangle with length / > 2 can be decomposed into (at most 
2'^) smaller disjoint nice rectangles whose lengths are either [^J or + 1. With abuse 
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of terminology, we say that such a decomposition is nice. Note that a nice decomposition 
may not be unique. 
For any T C Qr, set 

M = M{T) ■.= {N : N is nice and |r n iV| > 6\N\}. 

Now perform cube decompositions to Qr as follows. Assume that we have an imaginary 
"bag". In the first step, we put Qr into our "bag" if Qr G AA, and decompose Qr nicely 
(into at most 2"^ nice rectangles) if otherwise. In the second step, we repeat the same 
procedure on each of the remaining rectangles, i.e., put a rectangle into our "bag" if it 
is in M, and decompose a rectangle (with lengths> 2) nicely if it is not in J\f. Repeat 
this procedure as often as necessary, and stop if there is nothing to decompose or all the 
remaining rectangles are singletons in Qr \ T. The process will end within finite number 
of steps. Denote the collection of the rectangles in our "bag" by A/'o(C M). 

For N £ A/q and N ^ Qr, we denote by A^~^ its prior, i.e, N is obtained from a nice 
decomposition of A^~^ in the previous step. Set Q~^ = Qr and 

Recall the definition of N' in Proposition lA.Sl For any N £ A/q, since jF n > S\N\ 
and N^^ C N' , by the Proposition IA.5I we have 

min u > min u > 'j min u. 

AT-i N' r 



Hence, 



minu > 7minn. 
r 



Moreover, note that F^ = Qr when A/q = {Qr}- Otherwise, if A/q ^ {Qr}, we have 
|FniV"^| < 5|iV"^| for all iV G AAq. 

Therefore, if Aq ^ {Qr}, 

|F| =1 U (^^^) -| U (rnA^^^) 

< Yl m-'\ = m\- 

N-'^-.NeAfo 



Our proof is complete. 
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□ 



Proof of Theorem \A.3{: 

We only consider the case when a < 1/7 ^fd. 

For any T C QaR-, if \Qc7r\ < <5~^|r| for some s G N, then we have 



m := minu > 7 minu 

Q^R r 



by Lemma [A. 61 and iteration. Hence for t > 0, putting T* := {x G QaR '■ uix) > t}, we 
get 

nogsilr \/\Q,R\)]^y I \_\\ (A.ll) 
WQaRlJ 

Note that q := log^ 5 > 0, since 7, (5 € (0, 1). Therefore, for any p £ (0, q), 

1 1 foo 

\QaR\ fr^ \QaR\ pT^ Jm 

l-OO l-ptl 

= mF+ pt'P-^-LJ-dt 

Jm \'^crR\ 

< mF+ ptP~\—ydt<CmP, 

Jm 7* 

where C depends on k, d and b^R. Combining this and Theorem \A.2\ the Harnack 
inequality for a < 1/7 ^fd is proved. 

The case a > 1/7^/d then follows by a chaining argument. □ 



